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SUMMARY 
In recent years, a question of interest to reactor physicists has 
been, under what circumstances the discrete fundamental mode eigenvalue 
(decay constant) and the eigenfunction (equilibrium spectra) can exist 
for the neutron transport equation, which describes the motion of thermal 
neutrons in a moderating assembly. Theoretical analysis has shown that 
thermal neutrons, diffusing in a moderating medium, cannot reach an 
equilibrium distribution for certain time-dependent and steady-state 
cases when the system size or the absorption concentration are varied 
beyond some "critical" values. 
A series of measurements to determine accurately the total cross 
section of polycrystalline beryllium, beryllium oxide, and graphite, 
below the Bragg cut-off energy, has been made. These measured results 
are one of the parameters crucial to an accurate determination of the 
"critical" dimensions of these moderators below which the discrete 
fundamental mode eigenvalue cannot exist, 
Measurements were also made to establish accurately the total 
cross section, above the Bragg cut-off energy, of the beryllium moderator 
used in the experiments of Lake and Kallfelz. Over a certain energy 
range, the results of the measured total cross section have been found 
to be less than the values generally used for theoretical calculations. 
This is caused by the extinction effects due. to the presence of rela-
tively large grain sizes. 
XI 
A theoretical study of the space, angle-dependent spectra, in a 
35.56 x 35.56 x 50.0 cm long beryllium moderator, has been made using 
the adjoint Monte Carlo technique. The calculated energy spectrum, in 
the forward positive z direction, at 10.2 cm from the source, is in good 
agreement with the experimental results of Lake and Kallfelz. This 
theoretical analysis has shown that the first term of the Placzek kernel, 
normalized to yield the correct inelastic cross section, can provide a 
good representation of the inelastic scattering properties of a beryllium 
moderator. 
A theoretical study of the total angle-integrated flux, as a 
function of distance from the source, has been made in finite sizes of a 
beryllium moderator, using the S method. Here the transverse leakage 
term has been approximated by the energy-dependent transverse buckling 
concept, whereas the transport of neutrons along the axis of the assembly 
has been treated exactly. It has been found that, in a 150 x 150 cm 
beryllium assembly, the neutron distribution reaches an equilibrium condi-
tion fairly rapidly, whereas in 35.56 x 35.56 cm and 60 x 60 cm beryllium 
assemblies the neutron distribution does not reach an equilibrium condi-
tion even after a distance of 100 cm from the source plane. 
These results are in agreement with the published asymptotic 
transport theory predictions and are in direct disagreement with the cor-
responding diffusion theory results which predict that equilibrium con-
ditions should exist in beryllium assemblies with transverse dimensions 
as low as 30 x 30 cm. This demonstrates the limitations on the use of 
diffusion theory for small systems with strong transverse leakage. The 





Fast neutrons, if produced in a moderating medium from any of the 
usual sources, will collide with the nuclei of the moderator and lose 
energy by elastic and inelastic processes. As long as the energy of the 
neutrons is greater than about one electron volt (eV), the scattering 
law, which determines the rate of slowing down, will be independent of 
the physical state of the moderator and will be determined solely by the 
nuclear forces between the neutron and the nuclei. At about one eV, 
depending on the temperature of the medium, the thermal motions of the 
scattering atoms will start to become significant compared with that of 
the neutron. The scattering law will be dependent on the nature of the 
molecular binding of the moderating medium. As the neutron energy de-
creases still more these effects become more important, and the neutron 
will be both losing energy to the moderator atoms, as well as gaining 
energy from them. Eventually in an infinite, non-absorbing medium a 
situation will be reached where the neutrons, on the average, receive as 
much energy as they lose and an equilibrium is reached. The equilibrium 
distribution of neutrons will, in general, not be Maxwellian because of 
absorption, leakage, and slowing down effects. It is the last stage of 
the slowing down process, that is, from one eV to zero eV, with which one 
associates the name "thermalization." The thermalization rate and the 
2 
final equilibrium distribution of neutrons in space and energy will be 
determined in part by the scattering kernel. The latter is a measure of 
the probability that a neutron which has a particular initial energy will 
end up after a collision with a particular final energy and will have 
been scattered through a certain angle. Part of the thermalization theory 
entails the calculation of this quantity, which clearly depends on whether 
the scatterer is liquid, solid, or gaseous, and also on its temperature 
and state of chemical binding. 
Thermal neutrons diffusing in an infinite, non-absorbing medium will 
always attain a Maxwellian equilibrium distribution, irrespective of the 
nature of the energy exchange mechanism of the scattering kernel of the 
moderating medium. To obtain information on the nature of the scatter-
ing kernel, the spectrum must be distorted from the Maxwellian in some 
manner; this distortion is often accomplished by either increasing the 
absorption or the leakage of neutrons from the moderating medium. The 
former method is used in the "diffusion length" problem where the spatial 
decay of neutrons diffusing into the medium from a planar source is 
studied as a function of the absorption concentration. 
The latter method is used in the "pulsed neutron" problem where 
the time decay of an initial pulse of neutrons is observed as a function 
of the transverse buckling of the moderating system. By adopting such 
methods, one extracts the diffusion parameters, such as the diffusion 
coefficient D and the diffusion cooling coeifficient C which are sensitive 
to the thermalization properties of the moderator. 
There have been many experimental and theoretical studies of the 
3 
diffusion length and pulsed neutron problem,, Crystalline moderators like 
beryllium, beryllium oxide, and graphite, with their relatively weak 
energy transfer characteristics and strongly fluctuating neutron trans-
port cross section, have received special attention from experimental and 
theoretical investigators. Recently these studies have concentrated on 
the question of how severely one can distort the spectrum and under what 
conditions an equilibrium spectrum can exist in such moderating systems 
with high absorption concentration or severe transverse leakage. 
It has been shown that there exists a limit on the maximum absorp-
tion concentration or the minimum size of the system beyond which a dis-
crete eigenvalue and the associated eigenfunction cannot exist. That is, 
the decay is no longer asymptotic at long times or distances from the 
source. This means that the assumption of space- (or time-) energy 
separability, often used for solving the neutron transport equation, is 
2 3 4 
no longer valid, as the solution is in the continuum region. s ' 
Upper Limit on the Decay Constants 
Let us consider an elementary discussion concerning the existence 
of an upper limit for the space eigenvalue in the diffusion length prob-
lem. The steady-state diffusion length problem is essentially a study 
of the spatial decay of neutrons, diffusing into a moderating medium from 
a planar source, as a function of either the absorption concentration or 
the leakage induced by the finite transverse size of the system. 
Consider the homogeneous part of the transport equation for an 
essentially infinite half-space of an isotropic scattering medium: 
4 
ff°*+l 
M- 5 C P ( ^ ? X ) + V E ) <P(E,H,x) = H f SgCE^E) cp(E',^' ,x)dE'4i' (1) 
o* -1 
where cp(E,p,,x) is the space, angle, and energy-dependent neutron flux, \i 
is the cosine of the scattering angle, ST(E) is the total macroscopic 
cross section, and E (E'-»E) is the differential scattering cross section. 
-Kx 
Substituting cp(E,|i,x) == cp(E,|J.) e , we have 
CO -+.]_ 
(ST(E) - Kp.) cp(E,p,) = ~ J J ZS(E»->E) cp(EV)dE'cV (2) 
The inscattering integral is always greater than or equal to zero, 
the flux is always non-negative, and p <• 1; therefore 
K o £ f V E > } M i n
 S K * <3> 
Corngold has proved a maximum absorption theorem in which he 
Vc 
states that there exists a maximum absorption concentration, N , such 
if 
that for, N > N , no discrete eigenvalues exist. This means that, as 
the absorption concentration increases, the eigenvalue increases at a 
relatively faster rate than 2 (E) and at some maximum absorption concen-
tration even the fundamental eigenvalue exceeds the limit given in 
Equation 3. This implies that: the flux decay in such systems becomes 
non-exponential even at large distances from the source. 
Thus far, we have considered only a semi-infinite medium. It is 
interesting to find out the effect of leakage on the diffusion length in 
a finite block of moderator. This problem has been theoretically analyzed 
5 
6 7 8 
by Williams ' ' using the transport equation and taking into account the 
neutron leakage in the transverse directions. In his analysis of the 
existence of a fundamental mode decay as a function of both absorption 
and transverse dimensions, he finds that the limit on the existence of 
the discrete fundamental mode decay, in terms of a maximum transverse 
•k 
buckling, B , is given by 
(B*)2 = { 2 T ( E ) 4 n - K o
2 (4) 
where K is the infinite medium fundamental decay constant which is equal 
to the inverse of the diffusion length. The maximum transverse buckling, 
B , of rectangular prisms of polycrystalline moderators with only natural 
-3 -2 
absorption is found to be of the order of 10 cm for beryllium and 
-3 -2 9 
1.5 x 10 cm for graphite at 300°K. However, it should be noted that, 
for poisoned and low-temperature crystalline moderators, these maximum 
bucklings will be even smaller because, for this case, an increase in 
absorption will increase the value of K faster than £m(E) below the r o T 
Bragg cut-off energy. 
For a large class of moderators, like H~0 and D~0, the minimum 
value of a occurs at "high1'1 energies, ~ 1 eV, and is the free-atom cross 
section value. However, in the case of crystalline materials like 
beryllium, beryllium oxide, and graphite, a displays sharp fluctuations 
because of the coherent Brag,g scattering peaks. Figure 1 shows that a 
drops at an energy just below the Bragg cut-off to a minimum which is 
much lower than the free atom value. As seen in Figure 1, the total cross 
6 
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7 
section below the Bragg cut-off energy is very sensitive to the moderator 
temperature. We notice from Equations 3 and 4 that the critical absorp-
tion concentration or the. critical transverse buckling is more restricted 
in crystalline systems than in common liquids like H~0 and D„0. 
The pulsed neutron problem is a study of the time behavior of an 
initial pulse of neutrons injected into a finite moderating system. For 
this case, the general proof for the existence of a fundamental time-
eigenvalue using the transport equation has been given by Nelkin and 
12 
Corngold. The limit on the existence of the discrete fundamental mode 
time-eigenvalue, A. , as predicted by transport theory analysis is given by 
X * Limit [v 2 (E)} = \* (5) 
0
 v -> 0 
where A. is the fundamental time decay constant and v is the neutron 
velocity. 
12 
Corngold has proved a maximum buckling theorem in which he states 
* 2 2 
that there exists a maximum value of buckling, (B ) , such that, for B 
* 2 
greater than (B ) , no discrete eigenvalues exist. This has been modi-
fied by a more recent theoretical analysis of this problem by Conn and 
Corngold. ' ' The essence of their analysis is that, for systems 
with buckling less than (B ) true discrete modes exist, whereas for sys-
* 2 
terns with buckling equal to and somewhat greater than (B ) psuedo-
discrete modes exist. However, in systems with bucklings substantially 
-k 2 
greater than (B ) , no discrete modes exist. Such a behavior has been 
experimentally observed by Ritchie and Rainbow ' in a beryllium oxide 
moderator. 
8 
Current Experimental and Theoretical Situation 
The behavior of the space, angle-dependent neutron energy spectrum 
f\ 7 
in small beryllium moderator systems has been analyzed by Williams ' by 
solving the transport equation for the case of a simple separable plus 
elastic kernel. This synthetic kernel is a crude approximation of the 
scattering kernel to describe the neutron scattering phenomenon in poly-
crystalline moderators and it is devised such that it satisfies the de-
tailed balance equation and gives the correct total scattering cross sec-
tion when integrated over the final energies. Williams has shown that, 
in assemblies approaching the limit in Equation 4, the angular spectrum 
is strongly anisotropic as seen in Figure 2. The angular flux distribu-
tion has a marked forward (positive z direction) bias of neutrons possess-
ing energies at and below the. Bragg cut-off energy. As one moves away 
from the forward direction, the peak rapidly diminishes in intensity, be-
coming a depression in the negative z direction. When the moderator di-
mensions are small enough to exceed the limit in Equation 4, there is no 
asymptotic spatial decay and the angular flux distribution is governed by 
source and continuum transients. At some distance from the source, the 
source transients die away and the angular spectrum is totally governed 
by the continuum transients. In this region, the transient angular dis-
tribution has a forward bias of sub-Bragg neutrons; this bias progressively 
increases with the distance from the source and the buckling of the system. 
As the size of the system is decreased, a point is reached when 
the angular spectrum would consist of a highly singular beam of neutrons 
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Figure 2. Theoretical, Steady-State, Asymptotic, Angular Neutron 
Energy Spectra in Beryllium Assembly with Transverse 
Buckling, B2 = 0.00035 cm"2 (Calculations by Williams6) 
10 
The behavior of the transverse flux distribution which changes 
progressively with distance from the source has been observed experimentally 
18 
in graphite by DeJuren and Swanson. They showed that, to fit a 
sin [B(x + x )} function (where x is the extrapolated end point) to the 
flux, it is necessary that x be an increasing function of z. Thus it 
was shown, at least by implication, that in sufficiently small steady 
state systems the flux is changing progressively even after large dis-
tances from the neutron source. 
19 Recently Ahmed, Kothari, and Kumar have analyzed the diffusion 
equation governing the spatial diffusion of neutrons in finite sizes of 
crystalline moderator systems by using diffusion theory and an energy-
dependent buckling approximation. Their analysis predicted that the neu-
tron distribution reaches an equilibrium condition in beryllium assemb-
lies with transverse dimensions as low as 30 x 30 cm. They found that 
the equilibrium condition is not reached in assemblies of intermediate 
transverse dimensions between 20 x 20 cm and 30 x 30 cm; also that "pseudo-
equilibrium" conditions are established in assemblies with transverse di-
mensions less than 20 x 20 cm., The critical dimension of 30 x 30 cm for 
polycrystalline beryllium is substantially lower than the critical dimen-
9 
sions of 127 x 127 cm, as predicted by the transport analysis of Williams. 
20 
Williams has argued that the use of diffusion theory is not justifiable 
in such small systems and therefore the diffusion theory results of Ahmed 
et al. are highly questionable. 
21 22 23 
Lake and Kallfelz ' "' have presented experimental results sup-
porting the more restrictive limit, given in Equation 4, for the existence 
of the discrete fundamental mode decay. They have made a series of mea-
11 
surements of space dependent angular neutron energy spectra in various 
rectangular configurations of polycrystalline beryllium. Figure 3 shows 
one set of measurements of the space dependence of neutron angular spec-
trum in the positive z direction along the longitudinal axis of the 
35.6 x 35.6 x 50.8 cm beryllium assembly. 
According to the Williams theory, '' the buckling range used in 
this experiment should be well into the region governed by the continuum 
of eigenvalues, and thus the spectra should be strongly space dependent. 
But according to the aforementioned diffusion theory analysis of Ahmed et 
19 
al., the transition from a discrete asymptotic mode to a continuum decay 
should occur for beryllium block sizes of 30 x 30 cm. As seen in Figure 
3, the experimental results show that the relative flux peaking of sub-
Bragg neutrons is a progressively increasing function of distance from the 
source. It shows no tendency to approach equilibrium distribution even 
at distances in excess of 40 cm from the source plane. Lake and Kallfelz 
concluded that their results are in qualitative agreement with Williams' 
transport theory predictions and in disagreement with Ahmed's diffusion 
theory analysis. 
Importance of £ T(E) M i n 
Theoretical study has shown that the upper limiting value of the 
discrete eigenvalue is determined by £ (E) in the stationary diffusion 
length problem and by (v E (E) . ) in the time dependent pulsed neutron 
problem as given in Equations 3, 4, and 5. 
In the case of a strong coherent scatterer, like polycrystalline 
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13 
sharp fluctuations with energy in the vicinity of Bragg scattering peaks. 
At some Bragg cut-off energy the total cross section sharply drops down 
to a low value as seen in Figure 1. This is due to the fact that those 
neutrons whose wavelength is greater than twice the largest spacing be-
tween the crystal lattice planes cannot undergo coherent Bragg scatter-
25 
ing. At energies below the Bragg cut-off, E (E) reaches its minimum 
value and has a smooth energy dependence. Here the total cross section 
is made up of the incoherent elastic, absorption, and thermal inelastic 
cross sections. In materials like beryllium, beryllium oxide, and graphite, 
the incoherent elastic cross section is negligibly small. Since the ab-
sorption cross section is small, the total cross section is essentially 
equal to the inelastic cross section and is very sensitive to moderator 
temperature. 
It is evident that;, for any qualitative predictions of the value 
it 1c 
of the limits B and A. , an accurate knowledge of £ (E) is necessary. 
6 *2 
Williams has estimated the values of B at 300°K for graphite and 
-3 -2 -3 -2 
beryllium as 1.5 x 10 " cm and 10 cm , respectively. In the time 
dependent case the usually accepted values of the upper limit of the 
* -1 
time eigenvalue, X , are 3800, 2600, and 2500 sec " for beryllium, graph-
ite, and beryllium oxide, respectively. One might ask at this point how 
well established these values are. In general, discrepancies have been 
found in these critical values, particularly for graphite. Conn and 
14 Corngold find that, for graphite, general agreement between theory and 
the experimental dispersion curve for the time dependent case seem to re-
quire a value of X about half of the usually accepted value of 2600 
sec . For answers to such questions one should look at the reported 
14 
values of the total cross section below the Bragg cut-off energy for 
these crystalline materials,. Discrepancies between the calculated and 
9f\ 97 
the experimental values have been reported ' for all three materials. 
Particularly for graphite, a glance, at the reported values of the 
thermal inelastic cross section, a. n , indicates that experimental re-
' mel. r 
25 
suits seem to have limited accuracy. Both Hughes and Bacon indicate a 
value of a . 1 =0.90 barn for graphite at: a neutron wavelength, A., equal 
t 28 
to 8 A. On the other hand, Egelstaff indicates o. _ = 0.56 barn 
' ° mel 
(BNL-325 data) and Palevsky's result: reported in Reference 29 indicates 
28 o. . = 0.28 barn at 8 L. Egelstaff" reports that the cross section me 1 & * 
measurement of polycrystalline materials, like graphite, is made diffi-
cult by the presence of a large small-angle scattering contribution. 
c n • 25,28,30,31 . . ... 
Small-angle scattering of neutrons » > > is a process similar to 
refraction where the neutrons are preferentially scattered through small 
angles as they pass through many air/solid interfaces in a porous sample 
such as graphite. The small-angle scattering contribution in an experi-
mental evaluation of the thermal inelastic cross section depends on the 
presence of impurities, grain size, and the geometry of the experiment. 
28 
It has been suggested that the high cross section measurements, 
> 0.56 barn at 8 A, may be due to small-angle scattering of neutrons by 
the graphite grains. However, this does not explain the difference of a 
factor of roughly two between the data of Egelstaff and Palevsky. The 
theoretical calculation of the thermal inelastic cross section in the in-
32 33 
coherent approximation made by Ghatak and Clendenin gives a value 
which is a factor of two lower than the BNL-325 data. It has been 
15 
suggested by several authors that, since graphite is a strong coherent 
scatterer, it may very well be that the discrepancies are caused by the 
breakdown of the incoherent approximation, especially at energies below 
34 
the Bragg cut-off. Khubchandani et al. have made a one phonon coherent 
35 
calculation of the inelastic cross section using Krumhansl and Brooks' 
model of the phonon frequency distribution in graphite. They find better 
agreement with the lower experimental results of Palevsky. Recently, 
Conn has made a one phonon coherent calculation using his approximate 
model for the phonon frequency distribution of graphite. His results show 
good agreement with BNL-325 cross section data for graphite at 478°K but 
not at room temperature. On the whole, it is quite obvious that another 
careful measurement of the thermal inelastic cross section below the Bragg 
cut-off energy is desirable. 
In the case of beryllium oxide there is only one reported value of 
the thermal inelastic cross section below the Bragg cut-off energy. This 
37 38 
has been given by Zhezherun et al., ' who report a a. . = 0 . 8 barn 
° J r inel 
below the Bragg cut-off energy. This figure has a large experimental error 
of the order of 50% or more, and, as stated by the authors, no attempt has 
been made to determine the effect of the small-angle scattering contribu-
tion. The theoretical incoherent calculation of the inelastic cross sec-
39 
tion below the Bragg cut-off energy, using the computer codes GASKET and 
40 
FLANGE , gives a value of a. , which is approximately half of that re-
' ° inel r r 
ported by Zhezherun et al. It should be noted here that, in the case of 
strong coherent scattering moderators, the incoherent calculation of the 
• T i i 34,36,41 
inelastic cross section has been reported to yield poor results, 
16 
especially in the sub-Bragg energy region. The above discussion shows the 
desirability of an accurate measurement of the thermal inelastic cross 
section for beryllium oxide below the Bragg cut-off energy range. 
Finally, for beryllium there is only one reported experimental re-
sult of the total cross section given in the BNL-325 cross section data. 
This measurement was done with the same technique and by the same group 
as the BNL-325 graphite measurement mentioned earlier, which still differs 
from theory and other measurements. Borgonovi and Sprevak have made a 
one phonon coherent calculation of the thermal inelastic cross section in 
beryllium. Their result shows excellent agreement with the BNL-325 data 
as compared to an incoherent calculation which was a factor of two higher 
than the BNL-325 data. In view of the above discussion, it seemed desir-
able to have another measurement of a. .. for beryllium, as a check on the 
inel J ' 
previous experimental value. 
Objectives 
The objectives of this investigation are described in this section. 
a) Perform a series of measurements at room temperature to deter-
mine the total cross section of beryllium, beryllium oxide, and graphite 
in the sub-Bragg energy range. 
b) Measure the total cross section, in the above-Bragg energy range, 
at room temperature, for the beryllium moderator used in the experiments 
23 
of Lake and Kallfelz and compare the measured cross section with the 
25 
BNL-325 data to determine the effects of extinction " on the cross sec-
tion. The effect of extinction is to reduce the coherent Bragg peaks in 
the total cross section. The phenomenon of extinction is discussed in 
17 
detail in Chapter III. 
c) Determine the space, angle-dependent neutron energy spectra in a 
small finite beryllium moderator using the adjoint Monte Carlo theoretical 
approach. From a comparison of the theoretical spectrum calculations with 
21 22 23 
the experimental results of Lake and Kallfelz ' ' one can obtain some 
information about the adequacy of various beryllium scattering kernels 
and about methods of solution of the transport equation. 
d) Theoretically analyze the spatial behavior of the total, angle-
integrated neutron energy spectra as a function of the transverse size of 
a beryllium moderating system. Both the S approximation and the diffu-
sion theory approximation would, be used in the theoretical analysis to 
determine whether the neutron distribution could reach an equilibrium con-
dition in a 150 x 150 x 150 cm, 60 x 60 x 150 cm, and 35.56 x 35.56 x 150 
cm long beryllium block. This analysis would provide an indication of 
19 
whether the critical transverse size is closer to the Kothari diffusion 
9 
theory limit of 30 x 30 cm or the Williams asymptotic transport theory 
limit of 127 x 127 cm. This in turn sheds light on the applicability of 
diffusion theory for small moderating systems. 
18 
CHAPTER II 
MEASUREMENT OF TOTAL CROSS SECTION BELOW THE BRAGG 
CUT-OFF ENERGY 
The total cross section was measured at room temperature in the 
sub-Bragg energy range for beryllium, beryllium oxide, and graphite. The 
method used was the simple transmission technique, ' ' " that is, the 
counting rate of neutrons at the detector was measured with and without 
the sample in the neutron beam. The ratio of these two counting rates is 
called the transmission of the sample and bears a direct relation to the 
total cross section of the sample. If I is the counting rate at the de-
o 
tector with no sample in the beam, then after insertion of a sample of 
thickness d, the counting rate is 
-NJ d 
I = I e l (6) 
o 
where c is the microscopic total cross section and N is the atom density 
of the sample. If the transmission of the sample is defined as T = i/l , 
the total cross section a can be expressed as 
°t=^Log(T) (7) 
In order that this equation apply rigorously, scattered neutrons 
must not reach the detector, that is, the experiments must be carried out 
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with a 'good geometry." Good geometry is best achieved by locating the 
detector as far away from the neutron source as possible and by making 
the detector and sample small., 
The method used for the selection and measurement of the neutron 
energy, in the cross section measurement, was the slow neutron chopper and 
time-of-flight technique. The neutron beam from the thermal column of a 
reactor was chopped into short-time duration pulses by the rotating chop-
per. The neutrons of different energies in the pulse were allowed to 
traverse a flight path of 2 to 3 meters to a BF detector where they were 
counted. The counting rate was recorded in a multi-channel analyzer as a 
function of time after the chopper burst. Knowing the flight time and path 
length, it was a straightforward procedure to arrive at the neutron velo-
cities and hence the incident neutron energy spectrum. A synchronous 
motor was used to maintain a constant chopper speed while measuring the 
detector response with and without the sample in the neutron beam. This 
made it unnecessary to correct the cross section data for chopper trans-
mission, detector efficiency, air scattering, and absorption corrections. 
As long as the chopper speed was maintained constant, these corrections 
were the same for the data taken both with and without the sample in the 
neutron beam and would eventually cancel out in the transmission ratio; 
hence it was unnecessary to correct the measured data for the above-
mentioned factors. For the a (E) measurements, a chopper speed of 1800 
RFM was selected which provided a reasonable compromise between acceptable 
energy resolution (which improves with increasing rotor speed) and good 
neutron transmission (which increases with decreasing rotor speed) in the 
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sub-Bragg energy range. This sub-Bragg energy range for beryllium, 
beryllium oxide, and graphite involved a region from 0.001 to 0.005 eV. 
As mentioned earlier, in this energy range the total cross section is made 
up of the incoherent: elastic, absorption and both the coherent and inco-
herent thermal inelastic cross sections; however, the incoherent elastic 
1 43 cross section is negligibly small. ' The absorption cross section in 
such moderators is relatively small, for example, in beryllium and beryl-
lium oxide the absorption cross section, a , is 10 mb at a neutron velo-
r ' a ' 
city of 2200 m/sec and in graphite a is of the order of 4.5 mb. Thus, 
3. 
the inelastic cross section can be obtained by subtracting the l/v ab-
sorption cross section from the measured total cross section in this 
energy range. 
In a normal procedure to measure the total cross section, a good 
geometry must be maintained, such that the scattered neutrons cannot reach 
the detector. But in the case of materials like graphite and beryllium 
oxide, which are porous by nature, there is a large amount of small-angle 
scattering of neutrons. In such cases, maintaining a good geometry would 
mean that those neutrons which undergo small-angle scattering would not 
reach the detector, thus yielding an anomalously high total cross section. 
It was, therefore, necessary that the solid angle subtended by the detec-
tor at the sample be large enough for the detector to see all the small-
angle scattered neutrons., However, in such a detector-sample geometry, 
those neutrons which are elastically and inelastically scattered through 
small angles, and also those that are multiple-scattered, can also reach 
the detector; from here on, these two contributions at the detector will 
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be referred to as "multiple-scattering" contributions. Such a measurement 
requires that the measured cross section data be corrected for the theo-
retically calculated "multiple-scattering" contribution. Such a theoreti-
cal calculation assumes a prior knowledge of the total cross section, 
which one wants to measure. Thus, one is required to develop an iterative 
scheme in the analysis of the total cross section measurement. This scheme 
is discussed in detail in a later section. 
Instrumentation and Equipment 
The total thermal neutron cross sections have been measured by the 
slow neutron chopper time-of-flight technique using the Georgia Tech Re-
search Reactor (GTRR) thermal column as a neutron source. The instrumenta-
tion necessary to carry out such a cross section measurement consists of 
the neutron source, the neutron chopper, the neutron detection system, and 
the data processing and recording equipment. A detailed description of the 
instrumentation and equipment used in our experiments has been given by 
23 
Lake. 
The neutron source was obtained from the end of the thermal column 
of the GTRR. During the work described here, the GTRR operated at one 
megawatt power and produced a peak thermal column neutron flux in excess 
of 10 neutrons/cm /sec. 
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The neutron chopper basically consists of a rotor with cadmium-
plated stainless steel blades separated by narrow aluminum spacers. The 
drive is provided by a synchronous motor which maintains a constant speed 
of 1800 RPM. This speed was selected to provide a reasonable compromise 
between the acceptable energy resolution and good neutron transmission in 
the energy range of interest from 0.005 to 0.001 eV. 
22 
The neutron detector used in the measurements was a two inch diam-
eter, aluminum cathode, Reuter-Stokes model RSN-44A, BF proportional 
counter filled to a high gas pressure (90 cm of Hg) for improved neutron 
detection efficiency. A monitor detector, with a low efficiency of the 
order of a few tenths of a percent, was used to monitor the total number 
of neutrons incident on the chopper during the with- and without-sample 
measurements. 
The data processing and recording equipment is basically a TMC 
multi-channel analyzer which measures and records the arrival time of neu-
trons at the BF detector with respect to the zero reference time. This 
time is the instant at which the chopper blades are parallel to the neutron 
beam. The low level signals from the detectors are amplified in a solid 
state preamplifier and the leading and trailing edges are sharpened in a 
double-delay-line linear amplifier. Electronic and low voltage gamma ray 
noise pulses are blocked out in an integral discriminator prior to feeding 
the detector pulse to the TMC multi-channel analyzer unit. Figure 4 is a 
block diagram of the data collection system. 
Experimental Procedure 
A schematic diagram of a typical experimental set up is given in 
Figure 5. The 16 x 16 x 20 inch long cavity in the thermal column was 
used to house a 14 x 14 x 20 inch long Boral box tightly packed with beryl-
lium blocks. The end of the box facing the thermal column was covered with 
a l/8 inch thick aluminum plate and the opposite end was covered by a 1/4 
inch Boral plate with a central 2 x 3 inch hole, to define the effective 
area of the neutron source. One of the purposes of using such a box was 
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Figure 5. Schematic Diagram of a Typical Experimental Set Up to Measure 
Total Cross Section 
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to fill the cavity and thus to help reduce the neutron background. Also, 
the beryllium box conveniently served as a filter for beryllium cross 
section measurements. In the cross section measurement of graphite and 
beryllium oxide, a 1 x 1 inch hole running through the longitudinal axis 
of the box was provided to get the maximum primary neutron intensity. 
The chopper with its zero timing device was positioned squarely in 
front of the GTRR thermal column, aligned with the center of the beam col 
limator, and leveled carefully. The monitor detector was placed between 
the collimator and the chopper. The BF_ detector was set up and centered 
across the end of a typical 2.6 meter flight path. 
In the beryllium cross section measurement, the BF» detector was 
surrounded by a 3 inch thick boron carbide shield, with only a 2 x 2 inch 
area of the detector exposed to the neutron beam. A sample holder, with 
its 2 x 2 inch cadmium plate collimator, was placed in front of the BF_ 
detector on a table guide. The detector, the chopper, and the axis of 
the table guide were optically aligned to be on the central axis of the 
incident neutron beam. 
In the cross section measurement of beryllium oxide and graphite 
it was required to have a sample-detector geometry in which the solid 
angle subtended by the detector at the sample was sufficient for the de-
tector to see all the small-angle scattered neutrons. The experimental 
set up is shown schematically in Figure 5. The BF„ detector was com-
pletely surrounded with a cylindrical cadmium shield exposing only the 
middle two inches of the detector. A two-inch diameter cadmium plate 
collimator was positioned close to and in front of the BF detector. The 
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sample holder with a one-inch diameter cadmium plate collimator was placed 
on the bench guide, approximately 2 l/2 inches away from the 2 inch diam-
eter collimator. As shown in Figure 5, a tight shield was formed around 
the BF detector with boric acid filled boxes, coated with a layer of par-
affin. A cavity was provided in the shield to house the sample holder. 
The distance of 2.6 meters between the 2 x 3 inch source collimator and 
the one-inch diameter collimator of the sample holder provided a well-
defined incident neutron beam tightly collimated to less than 50 minutes 
of an arc. Details of the sample-detector geometry are given in Figure 6. 
In order to average out the effects of any small variations in the 
thermal column neutron intensity, the cross section measurements with and 
without the sample were repeated with a convenient frequency of 600,000 
TMC sweeps. For a typical chopper speed of 1800 RFM this corresponded to 
a time duration of one hour and twenty-four minutes per run. This re-
petitive data collection with and without the sample was continued until 
the accumulated neutron counts were sufficient to yield good statistical 
accuracy. A count of incident neutrons on the sample over the duration of 
each measurement was recorded by the monitor detector. This also reflects 
the small fluctuations in the incident neutron intensity. Thus, normal-
izing the with and without the sample data for the same total number of 
incident neutrons would also average out the influence of small fluctua-
tions in the incident neutron intensity. 
A preliminary measurement of the total cross section of beryllium 
below the Bragg cut-off energy range was made for two l/2 inch thick 













Figure 6. Sample-Detector Geometry Used in Cross Section 
Measurement (to take into account the small-
angle scattering contribution) 
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high-purity grade beryllium, for which a detailed chemical analysis was 
available and the other sample was selected from an older lot of Brush 
reactor grade beryllium blocks borrowed from Argonne National Laboratory, 
where the blocks were last used as a part of a mock up of the beryllium 
2 2 
reflector for the Argonne Advanced Research Reactor (A R ). It was found 
that the two measurements yielded the same value for total cross section 
below the Bragg cut-off energy. The two beryllium samples were then put 
together to form a one inch thick sample and this was used in the subse-
quent experiments, primarily, because of the reduced experimental time 
and improved statistical accuracy. The chemical composition of the "new" 
sample of beryllium is given in Table 1. The density of the beryllium 
/ 3 
samples has been determined to be 1.85 gm/cm , indicating that the samples 
were practically pore-free. Measurement of the total cross section of 
beryllium below the Bragg cut-off energy was made with the sample at 64.75, 
52.75, 46.75, and 2.0 inches from the BF~ detector. The first three mea-
surements were made to ensure that the experimental geometry was good, 
that is, the detector did not see the neutrons that are scattered in the 
sample. The last experiment was made to find out the influence of small-
angle scattering, if any, on the measured total cross section and also as 
a check on the accuracy of the theoretical calculation of the "multiple-
scattering" contribution. 
In the total cross section measurement of graphite below the Bragg 
cut-off energy, two 2 inch thick Union Carbide, AGOT, reactor grade grap-
ite samples were used. One of the graphite samples had the extrusion di-
rection perpendicular and the other parallel to the thickness of the sample. 
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Table 1. Chemical Composition of the Brush Wellman, N - 50 - C, 
Reactor Grade Beryllium 
(Average grain size - 11.3 microns) 
Element % Weight 
Beryllium 99.17 




Calcium < 0.01 







Molybdenum < 0.001 
Lead < 0.0006 
Cobalt 0.0004 
Silver 0.0003 
Lithium < 0.0003 
Cadmium < 0.0001 
Boron 0.00008 
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The density of the graphite samples was measured to be 1.695 gm/cm . A 
partial chemical composition of the graphite sample is given in Table 2. 
Table 2,. Chemical Composition of the 
Union Carbide, AGOT, Reactor 
Grade Graphite40 
(Maximum grain size - 30 (j.) 
Boron content (ppm) 0.4 
Ash content (%) 0.07 
(Half of the ash content is (supposedly) 
iron and the rest is made up of trace 
amounts of calcium, silicon, vanadium, 
titanium, etc.)^-3 
Two measurements of the total cross section for graphite, below the Bragg 
cut-off energy, were made with the center of the sample 2 and 2.5 inches 
away from the center of the detector. When the sample was moved l/2 inch 
away from the previous position, the solid angle subtended by the detector 
at the sample was reduced by 56%, which was a substantial change at this 
close range. A comparison of the results of these two measurements gives 
an indication of whether the solid angle subtended by the detector at the 
sample was large enough that all the small-angle scattered neutrons reached 
the detector. If the results of these two measurements, corrected for the 
"multiple-scattered" neutrons, are the same within the experimental accu-
racy, then for this sample-detector geometry, the detector was seeing all 
the small-angle scattered neutrons. To find the influence of the extrusion 
direction on the total cross section below the Bragg cut-off energy, an-
other cross section measurement of graphite was made in which the extrusion 
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direction of the graphite sample was at right angles to the incident 
neutron beam. 
The basic principle behind the total cross section measurement of 
beryllium oxide, below the Bragg cut-off energy, is very similar to that 
of graphite and has been discussed in detail in the above paragraphs. 
The BeO sample was 1.837 inch thick; its density was measured to be 2.886 
gm/cm . The theoretical density of beryllium oxide is 2.96 gm/cm , indi-
cating that the sample was slightly porous. The chemical composition of 
the beryllium oxide sample obtained from the Ventron Corporation is given 
in Table 3. The beryllium oxide sample was prepared at the Oak Ridge Y-12 
Plant by hot pressed powder fabrication techniques, wherein a fine mesh 
beryllium oxide powder is pressure-compacted at elevated temperatures in 
a graphite die. This method yields a fine grained structure which is 
randomly oriented to give an essentially isotropic polycrystalline material. 
Procedure of Data Analysis 
Detector Analyzer Dead-time 
22 
An experiment was performed by Lake to determine the magnitude 
of the combined BF detector plus multi-channel analyzer dead time losses 
as a function of measured count: rate. The detector count rate as a func-
tion of reactor power level was measured with the time-of-flight analyzer 
by repeatedly triggering the analyzer with an electronic pulser. Since 
the neutron intensity incident on the detector was directly proportional 
to the reactor power level, the measured count rate should change in a 
linear relationship with the reactor power level if the dead time is neg-
ligible. Thus, any deviation from such a simple linear relationship is 
Table 3. Chemical Composition of the Nuclear Grade Beryllium 
Oxide (Ventron Corporation Stock No. 16100)^ 
(Average grain size - 1-2 p,) 
Element Parts per 
Million 
Beryllium oxide 99% 
Sulphur 770 








Zinc < 10 
Nickel < 10 
Chromium < 10 
Manganese < 10 
Magnesium < 10 
Titanium < 10 
Barium < 10 
Molybdenum < 10 
Strontium < 10 
Cobalt < 1 
Tin < 1 
Lead < 1 
Silver < 1 
Boron < 0.5 
Cadmium < 0.5 
Lithium < 0.4 
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indicative of the magnitude of the dead time as a function of measured 
count rate. An empirical relationship for the percent live time was given 
by Lake as 
% Live Time = (Ax + B) (8) 
where x is the measured count rate and A = -1.665 ± 0.03 7o/unit count 
rate. The intercept, B = 99.6 ± 0.7 %, at zero count rate was obtained 
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by least squares fit to the experimental data. Equation 8 has been 
used to correct for the detector dead time losses. 
Obviously, the logic of the situation requires that the live-time 
be 100% for zero count rate, i.e., B should be equal to 100%>. This, how-
ever, has insignificant influence on the measured cross section because 
of the reasons given below. In all the total cross section measurements 
below the Bragg cut-off energy, the dead time corrections were always less 
than 27, in the case of beryllium oxide and graphite measurements and less 
than 47> in the case of the beryllium measurements. Also the dead time 
corrections for the with- and without-the sample data were different by a 
factor less than 0.87o. However, to test: the accuracy of the live time 
correction, two measurements of beryllium total cross section were made 
by us in the energy region around 0.06 eV. The total cross section for 
beryllium reaches a fairly constant value of 6.0 barns near this energy 
region. In the first experiment the detector live time corrections were 
of the order of 82 to 99%, compared to 57 to 97% live time correction of 
the second experiment. The two measurements yielded the same value of 
total cross section of beryllium within the experimental accuracy of ± 2%. 
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From this relatively severe test it can be concluded that dead time correc-
tion did not have any significant errors. 
The experiment to determine the detector dead time, described in 
the earlier paragraph, was repeated by us for the low efficiency monitor 
detector. Figure 7 shows the measured count rate versus the reactor power 
level. The linear relationship of the curve indicates that the dead time 
of the monitor detector was negligible over the count rate of interest. 
Neutron Background 
The measured time spectrum in a cross section measurement invariably 
includes a background of neutrons that were not chopped by the chopper and 
also those that were scattered into the detector from the surroundings. 
In the calculation of cross section one must correct the measured data for 
the neutron background and, therefore, one should have an accurate knowl-
edge of the magnitude and the nature of this neutron background. The 
measured time spectrum had a region in which the spectrum was made up of 
only the background neutrons and this region of the spectrum was indica-
tive of the actual background present during the cross section measurement. 
At a normal chopper speed of 1800 RPM and a channel width of 64 (j, sec, this 
region of background started after the 200th channel, corresponding to a 
chopper cut-off velocity of 213 meters per second. An average background 
for each experiment: was calculated by averaging the neutron counts from 
channel 200 to 230 in the tail end of the measured spectrum. This method 
of determining an average background was preferred against making indi-
vidual, separate background measurements, which had to be done at a time 
other than the main cross section measurements. Such separate background 
measurements might very well have a background level other than the main 
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Figure 7. Monitor Neutron Count Rate as a Function of 
Reactor Power Level 
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experiment. The validity of using such an average background requires 
that the background be independent of energy and thus have essentially 
the same average value everywhere. In order to check this point, a neu-
tron background measurement was made in which the primary neutron beam 
was blocked by a cadmium shield placed midway between the chopper and the 
detector. This arrangement permits the detector to see some of the epi-
thermal neutrons that were not chopped by the neutron chopper and also 
the neutrons that were scattered from the surroundings into the detector. 
The result of this experiment: showed that the measured background had no 
energy dependence except in the very first few channels corresponding to 
the epithermal neutron energy region, which was far removed from the energy 
region of interest. The. peak-to-background ratio, in any experiment, was 
always greater than 6:1. 
Conversion of Time Scale to Energy Scale 
The time spectrum measured in a cross section experiment is the 
time distribution of neutrons arriving at the detector with respect to the 
middle of the chopper burst., In order to find the average energy of the 
neutrons in a given analyzer channel, one needs to know the time of arrival 
of neutrons with respect to the zero reference time, which is the middle 
of the chopper burst; that is, the time when the chopper slits are exactly 
parallel to the neutron beam. The time dxiration from the zero reference 
time to the middle of the first analysis channel, F , consists of the 
23 
following : 
1. The time duration between the center of the chopper burst and 
of the photo-transistor pulse caused by the reflected light beam from one 
of the mirrors on the rotor shaft. 
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The zero timing unit on the chopper was set at an angle 9.4° from 
the vertical axis of the chopper. Thus, the beam reflected from the mir-
ror would initiate the photo-transistor pulse 9.4° earlier than the moment 
when the chopper blades were parallel to the neutron beam (this corres-
ponds to the middle of the chopper burst). This time duration is given by 
ri = ifjfe <seconds) <9> 
where RPM is the chopper rotation speed in units of rotations per minute. 
2. The time duration between the peak of the photo-transistor 
pulse to the output trigger pulse to the analyzer gate. This time has 
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been measured, with a calibrated-time-base oscilloscope, to be 82 p, sec. 
3. The time delay between the arrival of the trigger pulse and 
the time at which the time-of-flight analyzer sweep sequence was initiated 
This has been measured to be equal to 15 p, sec. 
4. The time from the initiation of the sweep to the middle of the 
first channel is just half the channel width, DE. 
Putting all these factors together, the time F is given as 
FT = "^RW + {82 " 15 + (DE/2)5 x 10~6 (sec°nds) (10) 
Now the average values of time, velocity and energy of neutrons 
in the Nth channel, are given in the following equations. 
t = F + (N--l)DE x 10"6 (seconds) (11) 
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Flight: Path , / . nv 
v = a-. (meters / sec) (12) 
E = 5.2161 x 10"9 x V2 (eV) (13) 
In order to check the accuracy of the. parameter, F , given by 
Equation 10, the following experiment was conducted. Two pyrolytic graph-
ite crystals, having a "d71 spacing of 3.355 A, were positioned properly in 
a double diffraction spectrometer. The two crystals were oriented at a 
diffraction angle of approximately 40° and the detector was roughly posi-
tioned to receive the diffracted neutron beam from the second crystal. 
In this position, first the 28-scan was made, that is, the detector was 
moved in increments of half a degree and the neutron counts were recorded 
at each position of the detector. The detector was then positioned at an 
angle corresponding to the peak of the observed neutron intensity. Now, 
with the detector fixed in this position, an u>-scan was made, that is, 
the second crystal was rotated in increments of l/4° and the neutron in-
tensity was recorded as a function of the orientation of the second crys-
tal. With the help of this observed neutron intensity distribution, the 
second crystal was set at an angle corresponding to the peak in the neu-
tron intensity. The 29-scan and the cu-scan were repeated alternately 
until the second crystal was set at the exact diffraction angle. 
Now the secondary crystal was moved through an angle 20 from the 
previous position and correspondingly the detector was moved through an 
angle of 48. In this position, the 28-scan and the au-scan were conducted 
alternately to fix the exact diffraction angle. This gives accurately 
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the angle 26 through which the secondary crystal was rotated from one 
diffraction position to the other position. This value of 26 was mea-
sured to be equal to 82.9°, that is, the diffraction angle is 41.45°. 
Knowing the "d" spacing and the diffraction angle G , one can easily cal-
culate the neutron wavelength, A., from the Bragg relation. 
nX - 2d sinG (14) 
o v 
where n = 1,2,3 . . ., is the order of Bragg reflections. Using Equation 
14, the wavelength of neutrons in the diffracted beam, for three orders 
of reflection, was calculated to be X, == 4.442, X = 2.221, and X = 1.48 
L 
The energy distribution of neutrons in the diffracted neutron beam 
from the second crystal was measured with the time-of-flight apparatus. 
Here a channel length of 16 p, sec, a chopper speed of 1800 RFM, and a 
flight path of 3.24 meters were used. The measured time spectrum of the 
incident neutron beam indicated that there were three peaks in the mea-
sured spectrum. The three peaks in the measured spectrum occurred in the 
278, 128, and 165 channels of the time-of-flight analyzer. Using Equa-
tions 10, 11, 12, and 13, it was calculated that the three channels, #278, 
128, and 165, corresponded to neutron wavelengths of 4.442, 2.16, and 1.48 
A, respectively. This experiment showed that the parameter, F , given in 
Equation 10 was quite accurate. The accuracy of this equation had also 
23 
been checked earlier by Lake. 
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Iterative Scheme for Cross Section Evaluation 
In the total cross section measurement of materials like beryllium 
oxide and graphite, one has to take into account the effects of large 
small-angle scattering of neutrons in these materials. In the sample-
detector geometry described, all the small-angle scattered neutrons, as 
well as some fraction of the elastically and inelastically scattered neu-
trons, would enter the detector. Thus, in such experiments, the measured 
data with the sample in the neutron beam had to be corrected for the theo-
retically calculated 'multiple-scattered" neutron contributions. Such a 
correction required that the total cross section, which was to be measured, 
be known for making the theoretical calculation of the "multiple-scattering" 
contribution. To circumvent this situation, a simple iterative scheme for 
cross section evaluation was developed. 
Let P (E) and P (E) be the observed neutron counts in a given analy-
sis channel, for "without and with the sample in the neutron beam experi-
ment, respectively. The total cross section, a , uncorrected for the 
"multiple-scattering" contribution is given by 
Ou(E) =|^Xn{Po(E)/P1(E)} (15) 
where N is the atom density and d is the sample thickness. Use this total 
cross section, cr , as an initial guess in calculating the multiple-
u 
scattering" contribution. Let I (E1) be the calculated "multiple-
° m 
scattered" neutron contribution as seen by the detector per incident neu-
tron on the sample. Here E' is used as a subscript of I , since the 
"multiple-scattered" neutrons may have changed their energy during the 
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scattering collisions. The distance between the sample and the detector 
is very small so that the neutrons, even though their energy is changed 
in the scattering collisions, almost always end up in the same channel 
as those neutrons which did not interact in the sample. The number of 
neutrons that is "multiple-scattered" and is deflected into the detector 
is given by 
Id(E) - Im(E') PQ(E)/e(E) (16) 
where e(E) is the efficiency of the detector for the neutrons of energy 
E, and P (E)/e(E) are the number of neutrons incident on the sample. 
Here the negligibly small effect of the loss of neutrons scattered and 
absorbed in the air present in the short distance between the sample and 
the detector is not considered. P (E) consists of the uncollided neutrons, 
all the small-angle scattered neutrons, and a neutron fraction that is 
"multiple-scattered" into the detector. Now, 
P (E) = P..(E) - I.(E) (17) 
e l d 
where P (E) is the neutron counts consisting of only the uncollided neu-
trons and all the small-angle scattered neutrons. Therefore, the corrected 
total cross section is given by 
°c(E) = No" MP0(E)/PC(E)} <
18> 
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To make the convergence faster, assume a cross section which is an 
average of a (E) and a (E) and use this to calculate a new value of I (E). 
c u m 
This new value of I (E) is used to calculate the new corrected cross sec-
m 
tion a (E) by using Equation 18. This procedure is repeated until the 
assumed cross section a (E) and the calculated cross section c (E) con-
u c 
verge to the same value.. It has been found that the calculated cross sec-
tion converges in less than ten iterations. This procedure has been used 
in cross section evaluations for graphite and beryllium oxide. A detailed 
description of the Monte Carlo program to theoretically calculate the 
"multiple-scattering" contribution is given in Appendix A. 
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CHAPTER III 
MEASUREMENT OF THE TOTAL CROSS SECTION IN BERYLLIUM 
21 22 23 As mentioned earlier in the introduction, Lake and Kallfelz ' ' 
have made a series of measurements of the space, angle-dependent, neutron 
energy spectra in various parallelepiped configurations of polycrystalline 
beryllium. 
A theoretical analysis of this particular problem was made by us 
using the Monte Carlo method, a detailed description of which is given in 
the next chapter. In this analysis, the total cross section of beryllium 
moderator, above the Bragg cut-off energy region, was taken from the BNL-
325 cross section data. The result of this theoretical analysis of the 
angle-dependent energy spectrum did not agree with the measured spectrum 
of Lake and Kallfelz. 
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It was suggested by Ritchie that this discrepancy between our 
theoretical work and the experimental spectrum might be due to the effects 
of extinction on the coherent elastic cross section of the beryllium 
48 
blocks used in the experiments of Lake and Kallfelz. Ritchie et al. 
have made a diffusion theory calculation of the behavior of the time eigen-
values in finite blocks of polycrystalline beryllium oxide moderator. They 
have found that their calculated time, eigenvalues, as a function of the 
buckling of the system, agreed better with the measured time eigenvalues 
of Ritchie and Rainbow, * when the beryllium oxide cross section used 
in their analysis was modified to take into account the extinction effects. 
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Also, Zhezherun et al. '' have observed experimentally the effect of 
extinction on the measured total cross section of beryllium oxide by 
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varying the grain size in the beryllium oxide sample. Fermi et al. have 
suggested that, for perfect crystallites of linear dimensions smaller than 
a micron, the reduction in the measured total cross section, due to ex-
tinction effects, would not be significant. 
25 
The conventional theoretical analysis to calculate the coherent 
elastic cross section of polycrystalline materials assumes that the dif-
fracting region is so small that this region can be considered to be uni-
formly bathed by the incident, radiation. In practice, the diffracting 
domains are sufficiently large that they can no longer be considered to 
be uniformly bathed by the incident radiation. The incident radiation 
becomes progressively weaker as it penetrates deeper into the diffracting 
domain due to extinction effects, and results in a diffracted intensity 
which is smaller than the results of the conventional theoretical analy-
sis. The effect of extinction is to reduce the Bragg peaks in the co-
herent elastic cross section. This reduction is most pronounced for the 
intense reflections and at the Bragg cut-off energy. The quantitative 
theory to calculate the diffracted intensity is distinctly different from 
the conventional theory and the intensity and cross sections are corres-
pondingly different. 
The extinction effect is subdivided into primary and secondary 
extinction. These effects may be qualitatively understood as follows. 
In the process of a Bragg reflection, each successive lattice plane in a 
perfect region of a crystal reflects a fraction of the incident radiation, 
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with the result that it becomes progressively weaker as it penetrates to 
lower planes. ' Also, the reflected radiation is reflected back into 
the crystal in a direction parallel to the incident radiation. Because 
a n/2 phase change occurs on reflection, the twice reflected radiation 
has a phase difference of rr with respect to the incident radiation and 
interferes to cause an additional decrease of the penetrating radiation. 
The combined effect is known as primary extinction. The intensity of a 
reflected radiation suffers through primary extinction, not only because 
the incident radiation is weakened, but also because multiply reflected 
rays, traveling in the reflection direction, may interfere. 
In practice, the crystals do not have a perfectly regular sequence 
of atomic planes throughout the whole volume of the crystal. They are 
permeated by imperfections which have the effect of dividing the crystal 
into much smaller sub-regions of the order of 0.1 p, in size. These mo-
saic sub-regions are more or less perfect, but are misoriented from par-
allel alignment by less than one degree. At any Bragg diffraction setting 
a large number of these mosaic blocks are precisely oriented to reflect 
the incident beam. Each block reflects away a fraction of the incident 
radiation as it passes to greater depths; hence, the intensity of the 
reflected radiation is less than if all the blocks received the full bene-
fit of the incident radiation. This effect is known as secondary extinc-
tion. 
As mentioned earlier, it was suspected that the total cross section 
of beryllium moderator, used in the experiments of Lake and Kallfelz, 
might be different than the BNL-325 values due to extinction effects. 
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The spectrum measurements of Lake and Kallfelz can be a complete set as 
a benchmark test-case only with the knowledge of the total cross section 
of the beryllium moderator used in their experiment. Also, we were not 
able to explain the discrepancy between our calculated spectra and the 
measured spectra of Lake, and Kallfelz by any other factors influencing the 
theoretical calculation. 
For these reasons, a series of measurements of the total cross 
section, in the energy range above the Bragg cut-off energy, were made 
for a beryllium sample taken from the lot of Brush reactor grade beryllium 
21 22 23 blocks which were used by Kallfelz and Lake ' ' in their steady-state 
experiments. The time-of--flight technique was used for these cross sec-
tion measurements in which a chopper speed of 1800 RPM, a channel width 
of 16 \i sec, and a flight path of 2.6 meters were used. The details of 
this time-of-flight technique, and the instruments required have already 
been described. In the following description of the series of cross sec-
tion measurements, the beryllium sample selected from the lot of beryllium 
blocks used by Kallfelz and Lake in their experiments will be referred to 
as the Lake-beryllium sample., 
In the first set of experiments to measure the total cross section, 
above the Bragg cut-off energy range, two Lake-beryllium samples were 
used (l/8 inch and l/4 inch thick, respectively). This experiment was in-
tended to show the effect of multiple-scattered neutrons at the detector, 
if any, on the measured total cross section. If the measured total cross 
sections of these two samples were the same, then it meant that only a 
negligible number of neutrons scattered in the beryllium samples had been 
able to reach the detector. 
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The second set of experiments to measure the total cross section 
was made for a l/4 inch thick Lake-beryllium sample with two chopper 
speeds of 1800 and 3954 RPM. The contention here was that, if the two 
values of the measured cross sections averaged over a certain energy range 
were found to be the same within the experimental accuracy, then the mea-
sured cross section was not affected by the energy resolution of the ex-
periment. That is, any difference found between this measured total cross 
section and the BNL-325 beryllium cross section would be attributable 
to the extinction effects in the Lake-beryllium sample due to the presence 
of large crystallites. 
A l/2 inch thick Brush-We1lman, N - 50 - C, high-purity grade 
polycrystalline sample having an average grain size of 11.3 microns was 
available. The chemical composition of this sample has been given in 
Table 1. An experiment to measure the total cross section of this beryl-
lium sample was made covering the energy range above the Bragg cut-off, 
A comparison of the total cross section of this sample and the Lake-
beryllium sample should give an idea of the effect of impurities and the 
average grain size of the Lake-beryllium sample. 
The results of the measurements described in the above paragraphs 
will be presented in Chapter V„ 
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CHAPTER IV 
THEORETICAL SPECTRUM ANALYSIS 
This chapter describes in detail the theoretical methods and the 
procedure used in calculating the spatial behavior of the neutron energy 
spectra in small beryllium systems. In brief, the adjoint Monte Carlo 
method has been used to calculate the energy spectrum in the positive z 
direction along the longitudinal axis of a beryllium assembly using 
several scattering kernels. Comparing this calculation with the experi-
23 
mental results of Lake and Kailfelz would shed light on the nature of 
the neutron thermalization in such small beryllium systems and on the 
adequacy of the theoretical scattering kernels to describe the thermal 
neutron scattering phenomenon in beryllium. 
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The S>T method has been used to calculate the spatial behavior of N 
the total flux as a function of the transverse dimensions of the beryl-
lium assembly. This study would enable one to resolve the debate over 
the applicability of diffusion theory for the steady-state diffusion 
length problem in small beryllium systems with severe transverse leakage. 
A rigorous analytical or numerical solution of the space, angle, 
and energy-dependent neutron transport equation describing the transport 
of neutrons in a finite medium is a very difficult task, unless one makes 
simplifying assumptions such as the diffusion approximation, space-energy 
separability, buckling approximation, etc. We have used two types of 
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theoretical methods to study the spatial decay of the thermal neutron 
distribution in small beryllium systems with a planar steady-state ther-
mal neutron source. 
One of the theoretical methods used was the Monte Carlo technique, 
which provides a very satisfactory means of solution, wherein the geom-
etry of the experiment and the transition probability of neutrons going 
from one phase space to the other can be treated exactly. This method is 
also free of some of the usual simplifying assumptions used in other 
methods. However, the Monte Carlo method will always have a statistical 
error associated with it due to the practical limitations on the number 
of neutron histories followed. It was found that, for this problem with 
an extended area source and a point detector, the adjoint Monte Carlo 
method is very advantageous in comparison to the forward Monte Carlo pro-
cedure. In the adjoint Monte Carlo procedure the "adjunctons" (pseudo-
particles) are started at: the "small" point detector and are scored 
(counted) at the "large" area source. This reduces significantly the 
variance on the statistical estimation of the flux in comparison to the 
forward Monte Carlo scheme, where the neutrons would be scored at the 
"small" point detector. It was sufficient for this problem to calculate 
the flux at several energy points to characterize the shape of the energy 
spectrum and this reduces the required computational time. A computer 
program was written using the adjoint Monte Carlo method. The basic 
theory and the adjuncton random walk procedure behind the computer program 
are described in the latter part of this chapter. 
The other method of solution used was the method of discrete ordi-
nates (S method), where the transport equation is reduced to a system of 
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linear differential equations by replacing the integration over the angles 
by a summation over a discrete number of directions. This method is ad-
vantageous in being able to obtain solutions at large distances from the 
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source plane. A one-dimensional transport computer code, ANISN, was 
used, where the effect of transverse leakage was introduced by the energy-
dependent transverse buckling concept. A description of the theory of the 
S method and the simplifying assumptions used is given in a later section. 
The S method is often preferred for deep penetration problems with 
a simple geometry, whereas the Monte Carlo method is preferred for compli-
cated geometries. However, the Monte Carlo method can easily treat a 
three-dimensional problem in comparison to the S method. The available 
S computer codes are limited to one- and two-dimensional problems. The 
2-D, S method can suffer from the ray effects when there is a strong 
anisotropic scattering, a highly absorbing medium with a strong anisotropic 
source, and when the angular domain is represented by an insufficient 
number of discrete directions. The use of a set of discrete directions 
to represent the angular domain could cause distortions in the calculated 
spectrum due to the preferential movement of the neutrons along the dis-
crete directions. This is known as the ray effects. 
Forward and Adjoint Monte Carlo Methods 
The basic equations used in the Monte Carlo method will be developed 
in this section. Many of the equations presented here for the sake of 
completeness have been taken from Reference 50. The derivations of some 
of the equations are given in detail in References 50 and 51 and they will 
not be reproduced here. We are interested only in a homogeneous medium 
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made up of a single nuclide and, therefore, the neutron cross sections are 
independent of spatial variable. 
The steady-state, group form of the neutron transport equation for 
the angle, space, energy-dependent neutron flux, cp(r,E,Q), is given by 
n • Vcpg(r,n) + E° cp (r,n) (19) 
= S (r,0) + > I dQf sf ">S(P,-> Q) cp ,(r,0') 
/., b g 
g ' <'-vn 
where the group flux is 
g 
cp (r,0) = cp(r,E,0)dE 
AE 
(20) 
and AE is the energy interval of group g. 
g 
The group source is 
S (r,Q) = f S(r,E,Q)dE 
S " AE 
g 
(21) 
The group total macroscopic cross section is 
,g L 
t <Po(r,n) AE 
i;t(E) cp(r,E,Q)dE (22) 
The group-to-group cross section is 
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Z8 ^ 8 (Q'-> 0) =-  - i — - f f Z (E'-*E,0«-> Q) 
b g 8 
(23) 
X cpCr .E^f lOdE dE ' 




dR e " j S (r-RQ,G) (24) 
y p + ) dfi1 Z~ 6 ( n ' - > 0 ) <p } ( r - R Q , 0 ! ) 
-j ,i t> g 
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The n e u t r o n c o l l i s i o n d e n s i t y \jj ( r , Q ) i s d e f i n e d a s 
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- n8 t (r,Q) =E£ cp (r,Q) (25) 




f dR Z 8 e t {s (r-R0,Q) + ^ [dQf (26) 
X if ,(r-RQ,Q') 
& 
Define the emergent neutron density as 
v r - sf,"*8(n,-> Q) 
X (r,Q) = S (r,0) + ) dO' - £ - — , 
g1 L t 
ik ,(r,fi') (27) 
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From Equations 26 and 27, it is easy to show that 
zf,~>8(n,-» Q) _ r-i r» ^ c \ki ^ ^ 
X (r,fi) = S (r ,n) + ^ Jdfi' - ^ — - 7 (28) 
E 1 
P g' "H R -
dR ZJ? e X t(r~K2\Q') 
For use in the adjoint Monte Carlo method, the group adjoint equation 
which is adjoint to the group form of the transport equation (19) is given 
by 
- V.Q cp*(7,n) + zf. ep*(r,n) = P(r,n) + Y fdG' (29) 
g t g g ^ J 
z ^ ' c ^ o 1 ) cpg.Cr.n"1) 
e 
where Z° is the forward weighted group total cross section given in Equa-
g—>CT ' — 
tion 22 and Z~ (0-* fi1) is simply the transposition of the forward 
weighted group to group differential scattering matrix and 




where P(r,E,ft) is the detector response function. 
The integral form of Equation 29 is given by 
oo - V T? 
cp*(7,Q) = J dR e ,: {]? (r+Rf},ft) +2^ jdO' Z 8 " " 8 ' ^ Q 1) (31) 
° g' 




Equation 31 which defines the adjoint flux is rather inconvenient 
to use as a basis for the adjuncton walk procedure, since the transport 
of adjunctons from r+Kl to r is in the direction opposite to the direc< 
tion vector, Q. This can be overcome by defining a new function 
and 
H Or,Cl) = T.f cp*(r,-n) 
po -S^R 
H (7,0) = dR zf e t G (r-RQ,0) 
§ «J ̂  t g 
(32) 
(33) 
where H (r,Q) is referred to as "adjuncton event density" and G (r,Q) is 
& o 
the "emergent adjuncton density.." 
Using Equation (32) in Equation (31) we get, after some readjust-
ment , 
sr g'(-Q^ fi») 
H (r,n) = 
g 
'R, 
dR S g e l |p (r-RQ,-0~) + £ j<tof " (34) 
X H .(r-KV-O1) 
Letting Q" = -Q' and noting that Z (-0 -» -fi ") = £s(f>-» 0"), we have 
•-E?R, V 
H (r,fi) = | dR S^ e |p (r-RQ,-Q) + £ 
zf*g\o* n") 
do „ s (35) 
X H , (r-R0,Q") 
Using Equations 33 and 35, it is easy to show that 
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i _. 
r _ „ 2 f
8 <fr»0") f , -S» E 
G (r,fi) - P (r,-fi) + ) dfl" -, dREf e w (36) 
<y 2J^_ O 
*S, 
X G ,(r-m",Qu) 
g 
The quantity of interest is given by 
v p r S K
( 7 ' -^ p* K -
E ? R
\ = ) J J -* dR E~ e G (r-Rft,Q)dr dO (37) 
g Zt "° 
Equation 36 is identical to Equation 28, which defines the forward emerg-
ent particle density, x (r,Q), and serves as the formal basis for the 
forward random walk procedure. Equation 36, which defines the adjuncton 
emergent density function, is convenient to use as a basis for the adjunc-
ton walk procedure. However, one must take into account the reversal of 
direction between the adjunctons and real particles. For example, if in 
the forward problem particles entering the detector in the forward direc-
tion are scored, the corresponding source adjunctons would be introduced 
in the backward direction. Likewise, adjunctons would be scored for 
entering a volume from which the source particles in the forward problem 
would be emitted. 
Problem Description 
The details of the steady state diffusion length problem, to be 
solved by the adjoint Monte Carlo method, are described in the following. 
The beryllium moderating medium was a 14 x 14 x 20 inch long rectangular 
block with a 14 x 14 inch planar thermal neutron source located at one 
21 22 23 
end of the beryllium block. As mentioned earlier, Lake and Kallfelz ' ' 
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have measured the energy distribution of neutrons in the positive z di-
rection and at several distances from the neutron source. It was concluded 
by them that the size of the beryllium moderator is less than the "critical" 
size and there exists no fundamental mode decay, as supported by Figure 3. 
A theoretical analysis of this problem was made using the adjoint 
Monte Carlo method; in particular, the solution we sought was the energy 
distribution 4 inches (10.2 cm) away from the neutron source on the longi-
tudinal, z-axis of those neutrons whose motion was directed in the posi-
tive z direction. This analysis included the exact geometry of the ex-
periment and the exact treatment of the coherent elastic scattering of 
thermal neutrons in the polycrystalline beryllium moderator. The analysis 
had the flexibility to accept different scattering kernels to describe the 
thermal inelastic neutron collisions. 
The Thermal Neutron Source 
21 22 23 
The experimental geometry of Lake and Kallfelz * ' consisted 
of a 60 x 60 x 36 inch long graphite thermal column against which the 
14 x 14 x 20 inch long beryllium assembly was positioned. The side of 
the beryllium assembly, facing the thermal column, had a 14 x 14 x 1/4 
inch thick Plexiglass sheet to smooth out the small Bragg perturbations 
in the graphite thermal column spectrum. Therefore, for our geometry, in 
the Monte Carlo analysis, the moderator is a 14 x 14 x 20 inch long block 
with a planar source of thermal neutrons coming into the beryllium block. 
In this analysis, we are interested in calculating the spectrum in the 
positive direction along the longitudinal axis (z-axis) at 10.2 cm from 
the source plane. 
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Lake has measured the energy spectrum of the source at the center 
of the source plane in the positive z direction, which is shown in Figure 
8. This energy distribution has been used in our Monte Carlo analysis. 
The spatial distribution of the source neutrons integrated over all angles 
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and energies has been measured by Unus. This spatial distribution from 
the center of the source plane to the edge along one of the axes of the 
plane is shown in Figure 9. Because of symmetry, this distribution will 
be the same along the other axis also. We have used this spatial distri-
bution in our Monte Carlo theoretical analysis. 
The angular distribution of the planar source has been assumed to 
have a "cosine angle distribution," a distribution proportional to the 
cosine of the angle measured from the z-axis. This is based on the assump-
tion that the thermal column flux is isotropic. Also, the source distri-
bution is taken to be separable in energy, space, and angle. 
To investigate the validity of the assumptions made about the energy 
and angle dependence of the planar source, a one-dimensional transport 
theory calculation of the space and angle-dependent energy spectrum was 
made using the true graphite, Plexiglass, beryllium geometry along the z-
direction. This one-dimensional calculation should give good results for 
the energy and angle dependence of the source distribution near the middle 
of the block, which is of most interest due to a large (~ 70%) uncollided 
flux contribution for the below-Bragg energies. The effect of the finite 
transverse dimensions of the three regions was introduced by means of an 
energy-dependent buckling approximation. The calculated source flux at 
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59 
transverse leakage is small in graphite and Plexiglass. To do this cal-
49 
culation, a one-dimensional, S transport computer code, ANISN, was used. 
Henceforth, this calculation will be referred to as the ANISN-calculation. 
The scattering kernels for graphite and beryllium were calculated using 
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the computer codes HEXSCAT, GASKET, and FLANGE. The anisotropy of 
scattering collisions was represented by the P_ Legendre expansion of the 
differential scattering cross sections. The frequency distributions for 
graphite, beryllium, and hydrogen have been taken from Reference 54. The 
scattering kernel for hydrogen has been used to approximate the scattering 
properties of Plexiglass. To simulate the presence of carbon and oxygen 
in Plexiglass, a constant cross section (free atom-value) has been added 
to the diagonal terms of the hydrogen scattering kernel. The correct 
number densities of hydrogen, carbon, and oxygen in Plexiglass (CcHo0o, 
_> o ^ 
density 1.18 gm/cc) have been used. 
Figure 8 shows the results of the ANISN-calculation of the source 
energy distribution for the forward and the transverse directions. The 
calculated source energy spectrum in the forward direction is in good 
agreement with the experimental result. Also, the similarity of the 
energy distribution in the forward and the transverse directions supports 
our assumption of energy and. angle separability, at least at the block 
center. 
Figure 10 shows the ratio of ANISN-calculated, normalized source 
angular distribution to the normalized source "cosine angle distribution" 
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the distributions have been normalized so that the area under the distri-
butions is unity. We notice that, for directions in the positive z direc-
tion (cos8 = 1.0) there are., relatively, 13% more sub-Bragg neutrons for 
ANISN-calculated distribution than for the "cosine distribution." The 
uncollided neutron contribution to the forward spectrum at 10.2 cm from 
the source is negligible for the above-Bragg region and is of the order of 
70% for the sub-Bragg region. Thus, the use of the ANISN-calculated source 
distribution in the Monte Carlo analysis would result in a sub-Bragg flux 
which is higher by approximately 10% than if the "cosine angle distribu-
tion" had been used. The above-Bragg neutrons in the spectrum at 10.2 cm 
are relatively less sensitive to the source angular distribution since 
they have to have many collisions before they reach the detector at 10.2 
cm and would have forgotten their initial angular distribution. 
The source spatial distribution shown in Figure 9 is for the total 
angle and energy integrated flux. The source spatial distribution for the 
Monte Carlo analysis should be. for the neutrons coming into the beryllium 
block from the thermal column. This spatial distribution of neutrons 
coming into the block would have a somewhat flatter distribution than that 
given in Figure 9; i.e., the distribution for neutrons moving in the posi-
tive direction would not drop as rapidly near the transverse edges of the 
block as for neutrons moving in the negative direction. Thus, we are in-
troducing relatively more neutrons at the center of the source plane by 
using the distribution shown in Figure 9. This has a direct influence on 
the calculated spectrum at 10.2 cm below the Bragg cut-off energy due to 
the direct streaming of sub-Bragg source neutrons. The systematic error 
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due to this effect has been estimated to result in a 10-20% higher rela-
tive peaking of the sub-Bragg neutrons over the above-Bragg neutrons in 
the calculated spectrum at 10.2 cm, whereas the systematic error due to 
the use of the "cosine angle distribution" for the source distribution 
results in a 10% lower relative peaking of the sub-Bragg neutrons. Thus 
the net uncertainty of the calculated relative peaking of sub-Bragg neu-
trons in the spectrum at 10.2 cm from the source plane is of the order of 
10%. A rough estimation of the source spatial distribution is made in 
Appendix D. 
Thermal Neutron Scattering 
This section gives a brief description of the phenomenon of the 
thermal neutron scattering in polycrystalline beryllium and the scattering 
kernels used in the adjoint Monte Carlo calculations. Also, we have de-
veloped a procedure to treat the coherent elastic scattering collisions 
in a Monte Carlo method using a continuous energy variable. However, this 
procedure has not been used in our adjoint Monte Carlo analysis, as this 
procedure is not applicable when the energy variable is treated by the 
energy-group method. A detailed discussion on this procedure is given 
later. 
The neutron-nucleus elastic scattering collisions, for neutrons of 
energy larger than the binding energy of atoms in a crystalline moderator, 
are billiard ball type collisions. When the neutron energy is in the 
thermal energy range, the chemical binding plays an important role and the 
scattering properties of the crystalline moderator are completely altered. 
A thermal neutron in beryllium can undergo three major types of 
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interactions with the moderating medium. ' ' It can have coherent 
elastic collisions with the beryllium atoms in which the incident neutron 
changes its direction, whereas the neutron energy remains the same. The 
second type of interaction is the thermal inelastic collision where the 
neutron can gain or lose energ;y from the thermal vibrations of the chemi-
cally bound beryllium atoms. The third type of collision is an absorption 
event for which the probability is relatively small in beryllium modera-
tors. As a result of the periodic arrangement of nuclei in a lattice, 
the scattering of neutron waves from one nucleus may interfere with the 
scattering from others. This interference phenomenon of the scattering 
is called the "coherent" scattering and this effect occurs in both the 
elastic and inelastic scattering processes. The scattering process, in 
which the nuclei scatter independently, is known as "incoherent" scatter-
ing and part of both elastic and. inelastic scatterings is incoherent. 
Beryllium predominantly scatters neutrons coherently; that is, the elastic 
and inelastic collisions are strongly coherent. 
Coherent Elastic Scattering 
A computer program has been written by us to calculate the beryl-
lium coherent elastic scattering kernel for the adjoint Monte Carlo analy-
sis. The theory and methods used to calculate this kernel are described 
here. 
Beryllium has a hexagonal close-packed lattice structure with two 
atoms per unit cell, which has lattice parameters, a = 2.2854 A and c = 
3.5841 A. The differential elastic scattering cross section per nucleus 
25 43 
for polycrystalline beryllium is ' ' 
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j -2u) 
e l o e fl + costn M /OON 
i r = ssv - 7 2 - K 2 ; T
M T <38> 
This expression holds for only those directions which satisfy the 
relation 
2TTT = 2KQ sin (0/2) (39) 
where a , the bound scattering cross section, is 7.54 b, V, the volume of 
-24 3 ~2(\ 
a unit cell, is 8.0027 x 10 cm , e is the familiar Debye-Waller 
factor, T is the magnitude of the reciprocal lattice vector and is in-
versely proportional to the lattice spacing d, (1 + cos\|f) is the struc-
ture factor term, M is the multiplicity of planes for a given T, K is 
the magnitude of the neutron wave vector, 0 is the angle of scattering, 
and [i = cos6. 
The length of the f vector in terms of the Miller indices h, K., 
and I is given by 
1 '4 „ 2 , .. „2V .2a !f T = - [~ (h + hK + I *) + i -^j (40) 




Assuming a Debye frequency distribution for the lattice vibrational modes 
3 
• p(u>) = 3 ( ~ ) (D2 0 £ 03 <: KB9D (42) 
B D 
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where 0 , the Debye temperature, is 1000°K for beryllium, 
00 is given by 
\ = (6n2^2,2MBeD){i + (-Q Q (!?)] (43) 
and the function 
Q(y) = J {g/(e8 - 1)} dg (44) 
where fi is the Planck's constant divided by 2TT, K_ is Boltzmann's constant, 
B 
m is the mass of the moderating atom, and T is the moderator temperature. 
Equation 38 describes the transition probability of a neutron 
undergoing a coherent elastic collision with a set of Bragg planes, char-
acterized by the reciprocal vector T, in which the neutron is scattered 
through an angle 8. 
In the adjoint Monte Carlo analysis, neutron energies ranging up to 
0.3 eV were of interest, hence lattice planes with Miller indices varying 
from -12 to +12 were considered for the calculations of the elastic scat-
tering kernel. A computer program was written to calculate the magnitude 
of T" vectors, the structure factor, and the Debye-Waller factor. The 
program generated the Miller indices from -12 to +12 and using Equation 
40 the corresponding magnitude of f vectors was calculated. Those planes, 
defined by their Miller indices, that have the same magnitude of the T 
vectors, were collected together. This gives the value of M , the multi-
plicity of planes which have the same magnitude of the f vector. The 
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s t r u c t u r e f ac to r (1 + cosi|r)/2, for a given T , was c a l c u l a t e d by us ing 
-2u> 
T 
Equation 41. The Debye-Waller factor, e , was calculated using Equa-
tions 43 and 44. 
From Equation 39, one notices that the maximum value of the T 
vector is given by T •= (K /2TT) , where T corresponds to the minimum 
° max ' o' max r 
value of the distance between lattice planes d . . In other words, a 
m m 
neutron with a given initial energy can be diffracted by all those lat-
tice planes whose lattice spacing, d, is greater than or equal to d . . 
r m m 
The angle through which the neutrons are diffracted from these planes is 
determined by Equation 39 and the probability for neutron diffraction from 
these planes is given by Equation 38. 
A simple procedure to treat the anisotropy of elastic scattering 
in a Monte Carlo method using a continuous energy variable is given here. 
It is required to input only an array of the magnitude of f vectors and a 
corresponding array of the probability of neutrons interacting with the 
respective f vectors. Knowing the neutron initial energy, one determines 
the set of T vectors (T <. T ) from which the neutron can be diffracted. 
max 
The specific T, i.e., the d spacing of the lattice planes from which the 
neutron is diffracted, can be chosen by random sampling from the corres-
ponding normalized probability distribution table obtained from Equation 
38. After selecting this d spacing or T, the angle G through which the 
neutron of given energy is scattered can be obtained from Equation 39. 
In our Monte Carlo program, the energy variable is treated in the 
multi-group method in which a neutron is assigned the average energy of 
the energy-group; therefore, the above mentioned procedure to describe the 
anisotropy of the elastic scattering is not feasible. 
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An alternative procedure is given here. Consider an energy group 
from 0.007 to 0.01 eV for beryllium at room temperature. Table 4 shows 
the lattice vector, cosG values, and the probability of diffraction for 
neutron energies of 0.007 and 0.01 eV. 
Table 4. Differential Coherent Elastic Cross Section 
and the Corresponding cosG Values 
Energy T = l/d da cos6 
(eV) (1/1) el 
djji 
0.50525 1.3024 - 0.4923 
0.007 0.55802 1.40188 - 0.8203 
0.57717 5.86549 - 0.9473 
0.50525 1.3024 - 0.0446 
0.01 0.55802 1.40188 - 0.2742 
0.57717 5.86549 - 0.3631 
These energies correspond to the bounds of the energy group considered 
here. From Table 4 we notice that neutrons, at these two energies, can 
be diffracted from one set of lattice planes with the same probability 
but are scattered through different angles. As the neutron energy increases 
from 0.007 to 0.01 eV, for a given T = 0.50525 A, the neutrons are scat-
tered through angles from cosQ = •- 0.4923 to cosG = - 0.0446. Likewise, 
considering also the values given for other t's, neutrons are scattered 
through the angular range from cosG = - 0.2742 to cosG = - 0.0446 with a 
probability of 1.3024 and from cosG = - 0.3631 to cosG = - 0.2742 with a 
probability of 2.70212. Using the above procedure, the probability dis-
tribution for the entire angular range can be evaluated. 
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Table 5 shows the anisotropy of elastic scattering collisions for 
neutrons belonging to the 0.007 - 0.01 eV energy group. Such a distribu-
tion describing the anisotropy can be evaluated for all the energy groups 
and the distribution is normalized so that the area under the curve is 
unity. These normalized distributions, as a function of cos9 , for all 
energy groups, are used in the Monte Carlo program to describe accurately 
the anisotropy of elastic scattering collisions in beryllium. 
Table 5. The Anisotropy of the Coherent Elastic Scattering of 





































Thermal Inelastic Scattering; 
The two thermal inelastic scattering kernels for beryllium, which 
were used in our Monte Carlo analysis, are described in this section. 
1 43 
One of the scattering kernels used in the analysis was the Placzek ' 
expansion of the differential thermal inelastic cross section. This ker-
nel assumes a Debye phonon frequency distribution (Equation 42) and is 
made in the incoherent approximation. The first term of the Placzek ex-
pansion is given as 
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and 
"W»^-» = I (F)*{^5^3 [T^f^feTv)]} (45) 
for |E-EX| < KBeD ; 
= 0 otherwise 
/wl -.v _ 3S / E\ (E'+E) (E'-E) „,. 
"inel(E " E ) = T \r) -(KBeD)3 "(l-exp(-(E'-E)/KBT))
 (46) 
for |E'-E| £ K B9 D ; 
= 0 otherwise 
where E' and E are the initial and final neutron energies, respectively, 
and X is the momentum transfer. 
The second scattering kernel which is relatively more sophisticated 
39 40 
was obtained from the. computer codes GASKET and FLANGE. The differen-
tial scattering cross section is expressed in terms of a scattering law, 
S(ft,f3)> which is a function of only two variables, a and j3. 
a.nel(2'-,E,,)=^(|-)e-^
2S(a;p) (47) 
where the energy exchange. j3 is given by 
P = (E-El)/T (48) 
and the momentum transfer a by 
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a - -- (E+Ef - 2u. yi~E"! ) (49) 
where S is the bound-atom cross section, T is the moderator temperature, 
A is the moderator mass, \x is the cosine of the scattering angle, Er and 
E are the initial and final neutron energies. The value of S(o,,p) for 
39 
beryllium was calculated by the computer code GASKET using a more 
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realistic frequency distribution than the simple Debye model. The com-
40 
puter code FLANGE uses these values of S(o/,|3) to calculate the differ-
ential scattering cross sections a. n(E'-»E) and a. ., (E'-̂ Ejix) in the in-
& mel mel 
coherent approximation. From now on this kernel will be referred to as 
the Gulf kernel. 
A computer program was written for the Georgia Tech Univac-1108 
computer to calculate the group-to-group inelastic scattering matrix, 
£? f (|J,) , by using Equations 45 and 23, where a Maxwellian energy distri-
bution was used for flux weighting. The forward matrix was transposed to 
obtain the adjoint inelastic scattering matrix and was normalized so that 
the area under the curve is unity. Another computer program was written 
CT '-*g 
to calculate the £r ? matrix by using Equation 46. mel J e> -l 
In the sub-Bragg energy region both the Gulf kernel and the Placzek 
kernel calculate a value of O. ,(E') which differs from that given in 
mel ° 
BNL-325 data (which were the same as our experimental data). Therefore, 
for the Gulf kernel, v. (E'->E) has been normalized so that the evaluated 
mel 
value of a. -,(E') is equal to the a. -,(E') data of the BNL-325 cross 
inel ^ mel 
section set, in the energy range below the Bragg cut-off energy. Above 
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the Bragg cut-off energy, the calculated shape of o. n(E') has been 
inel 
maintained, but normalized to the experimental value at the Bragg cut-off 
energy. Similarly, the Placzek kernel has also been normalized so that 
the calculated values of a. ,(E') are the same as those given by the 
inel o J 
normalized Gulf kernel. This, in effect, means that both these normal-
ized kernels give the same value of a. ..(E1), but will have their own 
inel 
individual shape of the energy exchange probability curve. 
Adjoint Random Walk Procedure 
The random walk procedure in our adjoint Monte Carlo computer pro-
gram, to calculate the neutron spectrum in finite beryllium assemblies, 
is based on Equation 36. This adjoint random walk procedure is described 
in the following steps. 
Step 1: 
The adiuncton source coordinates g , CI (i.e., A ,B , and C ), and 
o o o o o 
r (i.e., x , y , and z ) were chosen from the. detector response function 
o o o o 
P (r,-C3). The initial adjuncton weight, W , was set to unity. 
The detector was assumed to be a 5 x 5 cm area detector perpendicu-
lar to the z axis located at 10.2 cm from the source plane, which corres-
ponds to the base of the 5 x 5 cm extraction channel used by Lake and Kall-
23 
felz " for their experiment. Thus the spatial coordinates x and y were 
chosen from a uniform distribution over the 5 x 5 cm area. Since we were 
interested in the flux of neutrons with neutron directions lying in the 
cone of 1° polar angle about the positive z direction, the adjuncton 
angular coordinates were chosen from an isotropic distribution over a cone 
of 1° polar angle about the negative z axis. The experimental spectrum 
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23 
results of Kallfelz and Lake have been corrected for the energy-dependent 
detector efficiency. Thus the energy of the adjuncton, E , was chosen 
from a uniform distribution in energy. 
Step 2: 
The distance to the next collision site, R, was chosen from the 
So 4°R' 
distribution, S e , along the direction Q . It should be noted 
t J O Q 
here that the moderating medium is made of a homogeneous beryllium moder-
ator and hence the cross sections do not depend on the spatial variable. 
Knowing the parameters R, Q , and r , it is easy to obtain the spatial 
coordinates x1 , y1 , and z.. of the next collision site. 
The adjuncton history was terminated if the selected collision 
site fell outside the geometry of the problem. 
Step 3: 
The type of neutron collision at the new collision site was de-
cided by the ratio 
g->8 r r- 6 &o - -)_jdozel <r»no) 
R* = fi (50) 
» g->g 
dO £c °(fHQ) 
o O 
If the random number selected from a uniform distribution, varying 
from 0 to 1, was less than or equal to R , then the collision was taken to 
be elastic. Otherwise, the collision was taken to be an inelastic colli-
sion . 
In an elastic collision the neutron does not change its energy; 
Page missing from thesis 
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in the Russian roulette, the history was continued from Step 2 onwards. 
Adjunctons were scored at the beginning of Step 2 according to 
Equation 3 7 to obtain the effect of interest. 
Test Cases 
This section describes several test-case problems that were used to 
determine any errors in our Monte Carlo computer programs. 
A test-case problem was solved by using both the forward and the 
adjoint Monte Carlo programs in order to find out whether there were any 
errors in these two programs. Since these two programs were written inde-
pendently, calculating the same results by both methods would enhance 
one's confidence in them. The test-case problem chosen for this purpose 
was a steady-state diffusion length problem in which thermal neutrons from 
an isotropic planar source were diffusing into a 14 x 14 x 20 inch long 
block of moderator. The source consisted of neutrons belonging to two 
energy groups, where 40 percent of the source neutrons were born in the 
first group and a remaining 60 percent were born in the second group. 
The moderator consisted of a material with a macroscopic total cross section 
1 2 -1 
of 2 =0.2 and Z = 0.3 cm and a macroscopic scattering cross section of 
1 2 - 1 
Ec = 0.18 and Z = 0.29 cm , where the superscripts 1 and 2 refer to the 
first and second energy groups, respectively. The thermal elastic cross 
section for the second energy group was equal to 0.19 cm and zero for 
the first energy group. The effect of interest to be calculated was the 
neutron flux at 6 cm from the source plane, on the z axis, with neutron 
directions lying in the positive z direction with a polar angular spread 
from 0 to 20°. This particular problem was made up to check on the method 
Page missing from thesis 
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be totally suppressed. A macroscopic total cross section, 0.55 cm , and 
a macroscopic scattering cross section, 0.5 cm , were chosen for this 
moderator. The block of 30 x 30 cm is quite large in comparison to the 
mean free path of 1.82 cm for the monoenergetic neutrons considered here. 
Also, the absorption cross section was chosen to be very small in compari-
son to the scattering cross section. Thus, for regions sufficiently dis-
tant from the source and along the central axis of the block, the diffu-
sion equation could be used to analytically calculate the spatial depend-
ence of the total flux and hence the relaxation length of the neutron 
decay. The analytically calculated inverse relaxation length was found 
to be equal to 0.308 cm as compared to the adjoint Monte Carlo result 
equal to 0.294 cm . This particular calculational check on the adjoint 
Monte Carlo program instills a reasonable confidence in the calculational 
procedure. 
The uncollided flux as a function of distance from the source 
plane was calculated and it was found that the Monte Carlo results were 
the same as the analytical result. Checks were also made to find the 
value of the minimum weight to terminate the particle history and to find 
the initial number of particles necessary to yield reasonable statistical 
accuracy on the calculated results. The Monte Carlo program was so writ-
ten that a complete print-out of the step-by-step details of the particle 
random walk procedure could be obtained. Hand calculations for these de-
tails for several particles were made to check the detailed calculation 
of the Monte Carlo programs. 
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The Discrete S Approximation 
This section describes the S method used in calculating the spa-
tial behavior of the total energy spectrum in finite sizes of beryllium 
moderator to investigate the applicability of the diffusion theory for 
small systems with strong transverse leakage. 
The neutron transport equation in the rectangular geometry is given 
by 
{^ ^ + T] ̂  + S ~ + St(E)} ep(7,K,S) = Q(7,E,Q) (54) 
where cp(r,E,Q) is the neutron flux at r having energies in dE about E and 
directions in dQ about Q; £ (E) is the total macroscopic cross section; 
|j,, 7], and ^ are the direction cosines as shown in Figure 11, and Q(r,E,Q) 
is the external boundary source, S(r,E,Q), plus the inscattering source. 
Q(r,E,fi) = S(r,E,n) + JdO'ldE' Sg (Ef-»E,fi '-» Q) cp(r,E,,f}') (55) 
For a one-dimensional geometry in z, Equation 54 reduces to 
{M- ^ + Sfc(E)} cp(z,E,fi) = Q(z,E,Q) (56) 
Expanding the scattering kernel Z (E *->E ,Q'-» fi) in Legendre polynomials 
49 
and truncating after LT terms, we have 
LT 
zs(E'->E,n
f-> Q) = Y ^T i ssi ( E , _ > E ) V ^ ' * ^ (57) 











sSje(E^E) = j f Jdp. ss(E
f-*E^f->n) Pm(n
,-n) (58) 
According to the addition theorem for the Legendre polynomials 
P ^ ' - f i ) 
Ai 
= Px(n) P J G L ' ) + 2 £ - g ^ l i j P™(pO P J V ) c o s m ^ ' - * ) (59) 
m=l 
Define 
, 2 T T 
9(2,E, | jb) - d\jj cp(z,E,Q) (60) 
2TT 
S ( z , E , ( i ) = | d\|f S ( z , E , Q ) 
o 
(61) 
Inserting Equations 59 and 57 into Equation 55, and integrating 
55 
over ij( , we have 
Q(Z,E,M.) = S(Z,E,M.) (62) 
LT + 1 
JdE' Y ^ Y 1 ? ^ ) S s i (E^E) I do.' P^CJ,') cp(z,E,n') 
$.=rs -1 
Integrating Equation 56 over i|j and using Equations 60, 61, and 62, we 
have 
LT 




,->E) J dp,1 P ^ ' ) «p(z,E,p.f) 
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In the discrete S approximation to the transport equation (63), 
the distance from the origin is measured by Z. , i=l to IZ+1; that is, the 
system is divided into IZ spatial intervals. The areas, A., of the orth-
ogonal surfaces at any Z. are taken to be unity and the volume, V. i^ 
between Z. and Z. ., is equal to AZ.. 
1 l+l* M I 
Discrete directions fi , m=l, to MM are chosen and a solid angle 
m 
W is associated with each direction. 
m 
The energy range is subdivided into AE intervals with g=l to IE, 
with the first group, g=l, being the highest energy group. 
55 The discrete ordinate form of Equation 63 can be written as 
LT IE 
£ <vi - v + *s =s +1 ^r w I 4T <64> 
i = o h = l 
MM 
X ) W , P . (|i , ) cp, . i , 
m i y 1 m X ^ m " ^ h , i + f , m ' 
The description of the mesh interval is given in Figure 12 (page 78). 
The centered subscripts, i+jjs- in the spatial mesh and m in the angular 
mesh, and the energy group subscript, g, have been omitted in the equation 
but are shown in Figure 12. 
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The computer code ANISN uses Equation 64 to solve the one-
dimensional transport equation (63) by the method of discrete S approxi-
mation. Using this method, we are interested in investigating the be-
havior of cp(r,E,n), in finite sizes of beryllium moderator along the z 
axis, as a function of the transverse dimension of the system. This study 
is intended to show whether the critical transverse size of the beryllium 
moderator, below which the neutron distribution fails to reach an equilib-
81 
19 rium condition, is closer to 30 x 30 cm (diffusion theory limit ) or to 
9 
127 x 127 cm (asymptotic, transport theory limit ). This investigation 
will have conclusive bearing on the applicability of diffusion theory in 
small systems with strong transverse leakage. 
To conduct this investigation, we have solved the one-dimensional 
49 
transport equation by using the computer code ANISN in which the effect 
of the additional loss term, due to the transverse leakage, was introduced 
by using an effective total removal cross section, Z ,., instead of Z in 
ef t 
Equation 64. The total removal cross section is given by 
2 e f =2t(E) + D(E)B
2(E) (65) 
The diffusion coefficient, D(E), is defined as 
D(E) = 1-0/3 (£ (E) + E. (E)) (66) 
ci cr 
where £ (E) and Z (E) are the macroscopic absorption and transport cross 
a. ui 
sections. 
The transverse buckling, B(E) is given by 
B 2 < » = 2 (DT + L M X (E)}
2 ( 6 ? ) 
T tr 
where D^ is the transverse dimension of the square block of moderator and 
X is the transport mean-free-path. 
tr 
It should be noted that the loss term due to transverse leakage 
82 
given by the second two terms of Equation 54 is dependent on the direc-
tion Q, and it is zero for the positive and the negative z directions; 
2 
whereas, by using a DB approximation to the transverse leakage loss, we 
will be introducing a loss term which is a constant in all directions. A 
detailed discussion on the implications of this approximation is given in 
Appendix C as well as in Chapter V. 
Calculations were made to evaluate cpCZjE,̂ ) in beryllium blocks 
with transverse dimensions of 35.56 x 35.56 cm, 60 x 60 cm, and 150 x 150 
cm. The planar thermal neutron source at z=0 was assumed to be isotropic 
with a Maxwellian energy distribution at 300°K. The anisotropy of the 
scattering collisions was described by going up to P. terms in the Legendre 
expansion of the differential scattering cross section. This scattering 
53 39 
matrix was calculated by using the computer codes HEXSCAT, GASKET, and 
40 
FLANGE. 
The differential neutron density, n(r,E)dVdE, which is the number 
of neutrons in an elemental volume dV whose energy lies between E and 
E+dE, is defined as 
n(r,E)dV dE = 
where v is the neutron velocity and 
$^r'E^ dV dE (68) 
&(r,E) = dft cp(r,E,Q) (69) 








RESULTS AND DISCUSSION 
In this chapter, the results of the various cross section 
measurements and the theoretical spectrum analysis in finite beryllium 
systems are presented, 
Measured Cross Section Results 
This section presents the results of the measured total cross 
section of polycrystalline beryllium, beryllium oxide, and graphite. All 
the cross section measurements have been made at room temperature, 299 ± 
2°K. The Bragg cut-off energies for beryllium, beryllium oxide, and 
graphite are 0.0052, 0.0037, and 0.0018 eV, respectively. 
In all the figures presenting the experimental results of the 
total cross section, the bars on the experimental points indicate the 
accuracy of the measured result and the triangle shown on the axis repre-
sents the energy resolution of the experiment. The calculated error bar 
on the experimental points includes not only the statistical nature of 
the neutron counts at the detector, but also the inaccuracy in the deter-
mination of sample thickness, sample number density, the detector effi-
ciency, and the "multiple-scattering" contribution. The indicated energy 
resolution was calculated taking into account the uncertainties in the 
duration of the chopper burst, the detector thickness and the analyzer 
channel width, as well as the inaccuracy in the determination of the 
84 
the average energy caused by all the relevant errors in evaluating the 
time from the middle of the chopper burst to the middle of the first 
analyzer channel, the detector flight path, the chopper speed, etc. A 
detailed discussion on the error analysis and energy resolution is given 
in Appendix B. 
Beryllium Cross Section 
Figure 13 shows the total cross section of beryllium below the 
Bragg cut-off energy, measured with the beryllium sample at distances of 
64.75, 52.75, and 46.75 inches from the detector. As seen from Figure 
13, the results of these measurements agree within the statistical accu-
racy of the experiment. This shows that the geometry of the experiment 
was good in the sense that the neutrons scattered in the beryllium sample 
did not reach the detector. 
Figure 14 shows the total cross section of beryllium below the 
Bragg cut-off energy, measured with the sample at distances of 64.75 and 
2.0 inches from the detector. The result of the cross section measurement 
with the sample at 2.0 inches from the detector has been corrected for the 
"multiple-scattering" contribution. As seen from Figure 14, the results 
of the two measurements yield the same value of the total cross section 
within the experimental accuracy, indicating that the small-angle scatter-
ing of neutrons in the beryllium sample, if any, has little effect on the 
measured total cross section. 
Figure 15 shows the measured total cross section of beryllium below 
the Bragg cut-off energy, compared with the BNL-325 cross section data. 




























1 & •1 
0 
* 
4 A o 
1 I 1 1 " 1 i 1 
0.002 0.003 0.004 
ENERGY (eV) 
0.005 




















— o 64.75" 
- • 2.0" 
— 
* c P o o ^ , % i ^ # 
A 
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Figure 15. Measured Total Cross Section of Beryllium 
Compared with BNL-325 Data Below 0.005 eV 
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with the BNL-325 cross section data. As mentioned earlier, the one-phonon 
coherent calculation of the beryllium total cross section by Borgonovi and 
41 
Sprevak is in good agreement with both the BNL-325 data and our results. 
Therefore, it can be said that the total cross section of beryllium below 
the Bragg cut-off energy has been established quite accurately. 
The total cross section measurements were made in the energy range 
above the Bragg cut-off energy for a typical beryllium sample selected 
21 22 23 
from the lot of beryllium blocks used by Lake and Kallfelz ' ' in 
their space-angular dependent, steady-state, energy spectrum measurements. 
This beryllium sample has been referred to as the "Lake sample." The pri-
mary purpose of this measurement was to find out whether there are any ex-
tinction effects in the beryllium samples used in their experiments. The 
measured energy spectrum of Lake and Kallfelz will depend on the nature 
of the beryllium moderator and any theoretical analysis of this particular 
problem should have an accurate knowledge of the scattering properties of 
the Lake-beryllium sample in order to make a comparison with their experi-
mental spectrum results. 
Figure 16 shows the measured total cross section above the Bragg 
cut-off energy for two beryllium samples, l/8 and l/4 inch in thickness, 
at 2.5 meters from the detector. The measurement of cross section for two 
different thicknesses of sample should indicate the presence of a "multiple-
scattered" neutron contribution, if it is significant. As seen in Figure 
16, the results indicate that the "multiple-scattering" contribution at 
the detector is negligible. 
Another measurement of the total cross section of beryllium, above 
8 h 
o 0 .25" sample 
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Figure 16. Total Cross Section of Lake-Beryllium 
Measured for l/8 Inch and l/4 Inch 
Thick Samples, with a Chopper Speed 
of 1800 RPM 
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the Bragg cut-off energy, was made keeping the thickness of the sample 
the same, while using two different chopper speeds, 1800 and 3954 RPM. 
The effect of doubling the chopper speed is to improve significantly the 
energy resolution of the experiment, particularly at higher energies. 
Thus comparison of these two measurements should indicate any influence of 
the energy resolution on the measured cross section. Figure 17 shows the 
two measured total cross sections of beryllium with chopper speeds of 1800 
and 3954 RPM. The results indicate that any differences in the two cross 
sections are not significantly greater than the probable error of the mea-
sured results. 
Figure 18 shows the total cross section of the Lake-beryllium sample 
above the Bragg cut-off energy, as compared to the BNL-325 cross section 
data. This clearly shows that the total cross section values for the Lake-
beryllium sample are consistently smaller than the BNL-325 cross section 
up to 0.05 eV. This difference in the cross section is clearly due to the 
extinction effects in the Lake-beryllium sample. This means that the aver-
age beryllium crystallite size in the Lake sample was large enough to cause 
such an extinction effect. 
To gain an approximate knowledge of the average size of crystallites 
in the Lake-beryllium sample, another cross section measurement with a 
Brush-Wellman, N - 50 - C, high-purity grade beryllium sample was made. 
The chemical composition and the average grain size of this sample have 
been given in Table 1. Figure 19 shows the total cross section of both the 
Lake-beryllium sample and the N - 50 - C beryllium sample. The results 
indicate that the two measured cross sections were almost the same, indi-
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the vicinity of 11 microns. 
Beryllium Oxide Cross Section 
Figure 20 shows the measured total cross section of beryllium oxide 
below the Bragg cut-off energy with the sample at 2.15 and 2.78 inches 
from the detector. The distances given here are measured from the face 
of the sample to the center of the detector. Moving the sample away from 
the detector at this close range causes a significant reduction in the 
angle subtended by the detector at the sample, as seen in Figure 6. Fig-
ure 20 shows that the cross sections agree quite well within the experi-
mental error. This indicates that the detector-sample geometry was such 
that all the small-angle scattered neutrons were counted in the detector. 
Figure 21 shows a comparison of the experimental results for the 
beryllium oxide total cross section with the theoretical incoherent calcu-
lational results. This calculation was performed using the computer codes 
39 40 
GASKET and FLANGE. We note that the theoretical results are higher 
than the measured results. This may be caused by the use of the inco-
herent approximation in the theory. It has been mentioned earlier that, 
in the case of beryllium also,, the incoherent calculations were higher 
than the measured total cross section below the Bragg cut-off energy and 
this discrepancy was removed by the one-phonon coherent calculation of 
41 
Borgonovi and Sprevak. At present there are no reported results of the 
coherent calculation of the thermal inelastic section for beryllium oxide 
37 38 
known to the author. Experimental results of Zhezherun et al. ' indi-
cate a value of about 0.8b for the total cross section of beryllium oxide 
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95 
their investigation was to measure the total cross section in the above-
Bragg region. Their experimental values of the total cross section, below 
the Bragg cut-off energy, have poor statistical accuracy and have not been 
corrected for the small-angle scattering effects. 
Graphite Cross Section 
Figure 22 shows the results of the total cross section measurements 
for graphite below the Bragg cut-off energy with the sample at 2.0 and 2.5 
inches from the detector. Here the extrusion direction of the sample was 
in a direction parallel to the incident neutron beam. The results of 
these two measurements agree* within the experimental accuracy, indicating 
that the geometry of the experiment was such that all the neutrons that 
were small-angle scattered in the sample were seen by the detector. 
Figure 23 shows the results of the total cross section of graphite 
measured with the extrusion direction of the sample perpendicular and 
parallel to the incident neutron beam. The results indicate that the in-
fluence of the orientation of the sample extrusion direction with respect 
to the direction of the incident neutron beam is negligible for energies 
below the Bragg cut-off energy. For the energy range just above the Bragg 
cut-off energy, the total cross section has relatively stronger dependence 
28 
on the extrusion direction, as reported by Egelstaff. 
Figure 24 shows the experimental result of the total cross section 
of graphite in comparison to the BNL-325 data. Our results are lower than 
the BNL-325 cross section values and the energy dependence of our results 
seems to be relatively flatter. It is difficult to pin-point the exact 
reason for this discrepancy between our results and the BNL-325 data, par-
28 
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Figure 24. Comparison of Measured Total Cross Section of 
Graphite with the BNL-325 Data 
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data also take into account the effect of small-angle scattering in a 
manner similar to our measurement. However, no details are given there 
on how they have corrected for the "multiple-scattering" contribution ex-
cept to state that this contribution is small. In a sense this is true; 
for example, in graphite the "multiple-scattering" contribution is of the 
order of 0.9% of the intensity of neutrons incident on a sample of thick-
ness of 2.0 inches. But: we also find that for our case this seemingly 
small contribution can make a correction in the total cross section of the 
order of 87o, since this contribution is significant in comparison to the 
fraction of the neutrons which are scattered in the sample. Thus, this 
"multiple-scattering" correction is quite important and an accurate knowl-
edge of this correction is necessary. However, this does not explain why 
the BNL-325 data are higher than our measured total cross section for 
graphite. 
Figure 25 shows our graphite cross section results in comparison 
to several other reported values. The theoretical results reported by 
32 
Ghatak and Honeck have been calculated using the incoherent approxima-
tion. Graphite is a strong coherent scatterer and the use of the inco-
herent approximation in calculating the total cross section is not a valid 
approximation. 
The experimental results of Palevsky as reported by Khubchandani 
34 
et al. are shown in Figure 25. The details of this experiment have not 
been published. 
oc 
Figure 25 also shows the theoretical results of Conn in compari-
son to the BNL-325 data and our experimental results. Conn has made a 










o Q 1+78° K 




J L I I 1 I I I 
0.001 0.004 
ENERGY (eV) 
25. Comparison of Measured Total Cross Section for Graphite 
with Various Theoretical and Experimental Results 
100 
energies using an approximate and relatively better model for the graphite 
phonon frequency distribution. As seen in Figure 25, his results for the 
graphite total cross section at 478°K are in good agreement with the BNL-
325 data, whereas at room temperature his results do not seem to compare 
very well with the BNL-325 data. This discrepancy between Conn's theoreti-
cal results and the BNL-325 data at room temperature can be seen in both 
the magnitude and the slope of the total cross section. Conn has not at-
tempted to calculate the total cross section of graphite at other tempera-
tures; thus, from his results at 478°K and at room temperature, we note 
that his calculation may not be predicting the temperature dependence of 
the total cross section properly. All the reported theoretical calcula-
tions of the total cross section of graphite have either been made with 
the incoherent approximation or with a one-phonon coherent calculation 
using crude approximations for the graphite phonon frequency distributions. 
Measured sub-Bragg total cross sections of beryllium, beryllium 
oxide, and graphite at several energies are given in Table 7. 
Results of the Theoretical Spectrum 
The theoretical results of the adjoint Monte Carlo and the S.T 
J N 
calculations of the neutron energy spectra in finite beryllium systems 
are described in this section. 
Results of Adjoint Monte Carlo Method 
This section presents the results of the adjoint Monte Carlo calcu-
lation of the steady-state angle-dependent neutron energy spectrum in the 
positive z direction, at 10.2 cm from the source plane in a 14 x 14 x 20 
inch long beryllium moderator at room temperature. 
101 
Table 7. Measured Sub-Bragg Total Cross Section 
of Beryllium, Beryllium Oxide, and 
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± 2. 3 
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± 6. 5 
These theoretical calculations have been made using the Placzek and the 
Gulf kernels to describe the thermal inelastic neutron scattering phe-
nomena. 
Figures 26 and 27 compare the energy transition probability dis-
tribution of the Placzek and Gulf scattering kernels for beryllium at 
room temperature for initial neutron energies of 0.0045, 0.035, and 0.0945 
eV. We notice that the energy transfer from the above-Bragg to the sub-
Bragg energy range is relatively small for the two kernels. Figure 28 
102 
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Figure 26. Energy Transition Probability Distribution of the Placzek 
and the Gulf Kernels of Beryllium for Initial Neutron 
Energies, 0.0045 and 0.0945 eV 
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Cross Sections of Lake-Beryllium at Room Temperature 
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shows the microscopic total and the inelastic cross section of Lake-
beryllium at room temperature. Here the total cross section for Lake-
beryllium, above the Bragg cut-off energy, has been taken from our measure-
ment given in Figure 18 and the sub-Bragg total cross section is from 
Figure 15. Figure 28 also shows the total cross section of beryllium at 
room temperature obtained from BNL-325 cross section data. 
The coherent elastic cross section of Lake-beryllium was influenced 
by the extinction effects due to the presence of large crystallite sizes. 
This effect can be clearly noted by comparing the BNL-325 data with our 
experimental results of the Lake-beryllium total cross section in Figure 
28. In our Monte Carlo analysis of the neutron spectrum, we have used the 
measured cross section of Lake-beryllium, shown in Figure 28. We also note 
from Figure 28 that the inelastic cross section is relatively small over 
a wide range of energies. This and the shape of the inelastic scattering 
kernel, shown in Figures 26 and 27, indicate that, at room temperature, 
the energy transfer mechanism across the Bragg cut-off energy is rather 
weak in beryllium. 
The adjoint Monte Carlo results of the neutron energy spectrum cal-
culated with the Placzek kernel are shown in Figure 29 together with the 
20 22 23 
experimental results of Lake and Kallfelz. ' ' Figure 30 shows the 
same comparison for the calculation using the Gulf kernel. We notice from 
Figures 29 and 30 that our adjoint Monte Carlo theoretical analysis has 
been able to predict the significant spectrum distortion at the Bragg cut-
off energy, which is about 0.0052 eV for beryllium. The theoretical spec-
trum calculated by using both the Placzek and the Gulf kernels yields es-






o Lake and Kallfelz 
k • Adjoint Monte Carlo 
[__ 







°°o o T o i 







1 L 1 LI 1 iJ 1 1 1 1—1 1 1 1 1 1 
0.002 0.01 0.1 
ENERGY (eV) 
gure 29. Adjoint Monte Carlo Results of the Spectrum in the 
Positive z Direction at 10.2 cm from the Source Plane 
in a 14 x 14 x 20 Inch Long Beryllium Block (Placzek 
Kernel) 
107 
o Lake and Kallfelz 23 
Adjoint Monte Carlo 
10 
o<V< 
~ o o 
QC> O 
o 





' I L I I J ' ' ' I I L_L 
0.002 0.01 0.1 
ENERGY (eV) 
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both are in good agreement with the experimental spectrum results. This 
indicates that, in beryllium at room temperature, because of the weak 
energy transfer, the experimental spectrum at 10.2 cm from the source 
plane is insensitive to the detailed description of the shape of the 
energy transfer probability distribution curve of the inelastic scattering 
kernel as long as the kernel can predict, on the average, the energy trans-
fer across the Bragg cut-off energy. Because of the limit in the statis-
tical accuracy of the adjoint Monte Carlo calculation and the use of a 
coarse energy structure, our calculation has been unable to bring out the 
small distortions in the above-Bragg region. 
Even though the Placzek kernel is known to yield incorrect values 
for the inelastic cross section at higher energies, the shape of the 
normalized energy exchange probability distribution is quite comparable 
to the normalized Gulf kernel as seen in Figures 26 and 27. As we have 
seen, the normalized Placzek kernel does a good job of predicting the 
major features of the spectrum; refer to Figure 29. 
If the spatial and angular dependence of the spectrum are treated 
accurately, then to theoretically predict the significant spectrum dis-
tortion at the Bragg cut-off energy in small beryllium systems at room 
temperature, it seems sufficient for the theoretical inelastic scattering 
kernel to predict accurately the average energy transfer across the Bragg 
cut-off energy. 
Results of SAT Method 
N 
This section presents the results of the S theoretical analysis of 
the spatial behavior of the total energy spectrum in small beryllium sys-
tems with strong transverse leakage. This investigation was conducted to 
109 
check whether the critical size of the beryllium moderator is closer to 
19 
30 x 30 cm (diffusion theory limit ) or to 127 x 127 cm (asymptotic 
9 
transport theory limit ) and to determine the applicability of diffusion 
theory for this case. The cross sections shown in Figure 28 for Lake-
beryllium have been used in this analysis. 
The neutron density weighted average, energy is shown in Figure 31, 
as a function of the distance from the source plane in 150 cm long beryl-
lium assemblies with transverse dimensions of 150 x 150 cm, 60 x 60 cm, 
and 35.56 x 35.56 cm. As seen from Figure 31, the average energy decreases 
as one moves away from the source plane and reaches a constant value at 
about 40 cm, indicating that the neutron distribution has reached an asymp-
totic condition. This means that the shape of the neutron energy distri-
bution is not changing as a function of the distance from the source plane. 
However, in the other two beryllium assemblies the average energy progres-
sively decreases even after 100 cm from the source plane, indicating a 
progressive build up of the sub-Bragg neutrons relative to the above-
Bragg neutrons. This shows that, for these two assemblies, the transverse 
dimensions are below the critical size and that the neutron distribution 
fails to reach an asymptotic condition. This means that the critical di-
mensions for the beryllium moderator are definitely larger than 60 x 60 
19 
cm. This is in direct contradiction to the Ahmed et al. diffusion 
theory analysis which predicts a critical size of 30 x 30 cm. Our analy-
sis predicts that the critical size is somewhere between 60 x 60 cm and 
150 x 150 cm, which agrees qualitatively with Williams' asymptotic trans-
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23 
As discussed by Lake, integral parameters, such as the average 
energy, are sometimes not sensitive enough to reflect small changes in 
the neutron energy spectrum. The spatial behavior of the neutron energy 
spectra is a more sensitive indicator in determining the establishment of 
an equilibrium condition. Therefore, the results of the spatial behavior 
of the total energy spectra are presented here. 
Figure 32 shows the ratio of the angle integrated flux at 0.0045 
eV to that at 0.035 eV (cp , i/V •, ) as a function of the distance from the 
cold th 
source plane in beryllium assemblies for several transverse dimensions. 
These calculations were made using the SAT method. We notice that, in the 
150 x 150 cm beryllium assembly, the relative build up of the sub-Bragg 
neutrons in the spectrum reaches a constant value at about 55 cm from the 
source plane. In contrast, the relative build up of sub-Bragg neutrons in 
the other two beryllium assemblies increases in almost a linear fashion 
even after a distance of 120 cm from the source plane, showing no tendency 
to reach an asymptotic condition. This linear behavior seems to indicate 
that the cold and the thermal neutrons are decaying in space effectively 
as if they were independent of each other, a phenomenon also observed ex-
23 
perimentally for the forward spectrum by Lake and Kallfelz. 
The ratio cp .,/cp , for the 150 x 150 cm beryllium assembly has a xcold' th 
gradual slope after a distance of 55 cm and is not noticeable in Figure 
32. The ratio increases by 2% from 55 to 103 cm, i.e., in a distance of 
48 cm. This is because the ANISN-solution has not converged completely 
even after a computational time of two and one-half hours. The increase 
of 27o in the ratio over a distance of 48 cm is small and we have assumed 
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the ANISN calculation to obtain a completely converged solution since the 
rate of convergence was extremely slow. 
Figure 33 shows the ratio, cp ,,/«),, as a function of distance 
^cold'^th 
from the source plane in beryllium assemblies with transverse dimensions 
of 150 x 150 cm, 60 x 60 cm, and 35.56 x 35.56 cm. This calculation was 
made using the diffusion theory option of the computer code ANISN. We 
notice that the diffusion theory calculations predict that the neutron 
spectrum reaches an asymptotic condition in beryllium assemblies with 
transverse dimensions as low as 35.56 x 35.56 cm. 
From Figures 32 and 33, we notice that, in the 150 x 150 cm beryl-
lium assembly, the diffusion theory calculation predicts a relative cold-
neutron build up of 0.58 in comparison to a value of 0.6 as predicted by 
the S calculations., indicating the applicability of diffusion theory for 
this case. As the transverse size of the assembly is reduced, the diffu-
sion theory heavily under-predicts the relative build up of cold neutrons. 
A similar behavior has been observed by Grover et al., who have analyzed 
the behavior of the spectrum in an infinite beryllium assembly as a func-
tion of the "poison" using the diffusion and the transport theory analyses. 
They have found that, as the poison concentration increases, i.e., when 
the spectrum distortion is more pronounced, the diffusion theory heavily 
under-predicts the spectral distortion and thus yields erroneous values 
for the spatial decay constant. 
In our discrete S approximation analysis, recognizing the fact 
that there exists an additional loss term because of the transverse leak-
age, we have assumed that this loss term can be approximated by a diffu-
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has been used in the analysis of Ahmed et al. The behavior of the 
neutron field in the z direction was treated by transport theory; i.e., 
no diffusion approximation was made in this direction. A closer look at 
this approximation is taken in Appendix C. 
2 
Let us consider the effect of introducing a D(E) B (E) term, to 
represent the transverse leakage, on the calculated spectrum. This 
2 
D(E) B (E) term is independent of the direction and represents a constant 
loss factor for all directions, because of the way this term is treated 
in ANISN and several other 1-D S^ codes which we investigated. In con-
trast, the operators in the 3-D transport equation representing the trans-
verse leakage, given by the second two terms of Equation 54, are direc-
tional dependent. For example, in the positive z direction, both the 
direction cosines T| and % are zero and the transport of neutrons in the 
positive z direction has no direct influence from the leakage in the 
transverse directions; whereas, in our analysis the transport in the posi-
2 
tive z direction is influenced by the loss factor D(E) B (E). In beryllium 
this factor has a strong dependence on energy, primarily because of the 
large dip in the total cross section below the Bragg cut-off energy. For 
example, for a beryllium assembly with transverse dimensions of 35.56 x 
2 
35.56 cm, the ratio {D(E) B (E)/S (E)} is of the order of 1% at above-
Bragg energies and as high as 50% at below-Bragg energies. 
One can raise the question about the accuracy of our conclusions 
with this approximation. For a qualitative discussion on the effect of 
2 
the transverse leakage, loss term D(E) B (E), let us consider the spectrum 
in the positive z direction. As seen from Equation 54, in a 'normal situ-
ation" there should be no direct transverse leakage loss term for the 
116 
positive z direction. But in our approximation the transport of neutrons 
2 
in the positive z direction is directly influenced by the D(E) B (E) term. 
This additional loss factor is a very large fraction of the total macro-
scopic cross section for sub-Bragg energies but not for above-Bragg ener-
gies. Thus, the sub-Bragg neutrons in the forward spectrum will be decay-
ing in space at a significantly faster rate than in a "normal situation." 
The main effect noticeable for non-asymptotic decay is that the above-
Bragg neutrons decay in space faster than the sub-Bragg neutrons. For the 
spectrum in the positive z direction, our analysis is in a way forcing 
the neutrons in the two energy ranges towards a condition more favorable 
for the establishment of asymptotic conditions than if the leakage term 
were angular dependent. 
In short, if our analysis predicts a certain difference between the 
decay of cold and thermal neutrons in the forward flux as a function of 
distance, then in a "normal situation" the cold-neutron decay rate rela-
tive to the thermal neutrons will be even slower. Thus, we believe that 
the qualitative results and the conclusions concerning the non-asymptotic 
2 
decay that were obtained using the D(E) B (E) approximation would remain 
the same even if the correct transport equation were used for the analysis. 
A detailed discussion on this approximation is given in Appendix C. 
Figure 34 shows the neutron energy spectrum at 57.0 cm from the 
source plane in a beryllium assembly with transverse dimensions of 35.56 
x 35.56 cm at various angles. Comparing Figures 34 and 2, we note that 
g 
our results are in good qualitative agreement with Williams1 results with 
respect to the dramatic anisotropic behavior of the flux at the Bragg cut-
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Figure 34. Neutron Energy Spectra in a 35.56 x 35.56 cm Beryllium 
Assembly at 57.0 cm from the Source Plane for Various 
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CONCLUSIONS AND RECOMMENDATIONS 
Cross Sections 
Our measurements have accurately established the total cross section 
of beryllium, beryllium oxide, and graphite at room temperature in the 
sub-Bragg energy range. The sub-Bragg total cross section of these ma-
terials determines the value of Z (E) which is a crucial parameter in 
establishing their critical sizes below which the neutron distribution 
fails to reach an equilibrium condition. 
The measured sub-Bragg beryllium total cross section at room tem-
perature is in excellent agreement with the BNL-325 data and also with 
41 
the one-phonon coherent calculations of Borgonovi and Sprevak. It can 
therefore be concluded that the sub-Bragg total cross section of beryl-
lium has been established accurately. 
Our measurement for beryllium oxide provides an accurate value of 
the room temperature, sub-Bragg total cross section for which there had 
0~1 O Q 
been only one reported measurement by Zhezherun et al. ' in which the 
sub-Bragg values are inaccurate. The experimental results show that the 
incoherent calculation of the thermal inelastic cross section yields an 
erroneous value of the sub-Bragg total cross section. It seems therefore 
necessary that a coherent model be developed for calculating the thermal 
inelastic cross section of beryllium oxide. 
The measured sub-Bragg total cross section of graphite at room 
120 
temperature does not agree with any of the previously reported experimental 
or theoretical results. We feel that our measurement is accurate and it 
is not possible for us to draw any conclusion on the discrepancy between 
the experimental results as no details are available on the procedures or 
the analyses of the previously reported data. However, all the reported 
theoretical calculations of the thermal inelastic cross section for graph-
ite have been made using either an incoherent approximation or an approxi-
mate model for describing the phonon frequency distribution. We, there-
fore, feel that a coherent calculation of the thermal inelastic cross 
section for graphite should be made using an accurate model for the pho-
non frequency distribution. 
In brief, this investigation has been able to meet the objective 
of providing an accurate value of the sub-Bragg total cross section for 
beryllium, beryllium oxide, and graphite. Our measurements were limited 
to a small energy span below the Bragg cut-off energy of these materials. 
It is desirable to have a total cross section measurement covering a 
larger sub-Bragg energy range to determine, the on-set of the X -dependence 
of the total cross section, which is necessary to determine the limiting 
value of v E (E) as the velocity variable approaches zero velocity. We 
could not attempt such an experiment as the neutron intensity in the GTRR 
thermal column was not sufficient to get any statistically meaningful re-
sults. At present the GTRR is being modified to raise the power level to 
5 MW from the existing level of 1 MW. After this change the neutron in-
tensity in the thermal column should increase in the same proportion and 
such an experiment might just be possible to undertake, at least for the 
beryllium and beryllium oxide moderators. 
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The measured above-Bragg total cross section of Lake-beryllium is 
consistently lower than the BNL-325 values showing the effect of extinc-
tion due to the presence of sufficiently large beryllium grains. We feel 
that with this measurement of the Lake-beryllium total cross section, the 
21 22 23 
spectra measurements of Lake and Kallfelz ' ' now form a complete set 
to be a benchmark test case. 
Theoretical Spectra 
The adjoint Monte Carlo analysis has produced good quantitative 
results in comparison with the experimental results of Lake and Kallfelz 
for the forward spectrum at: 10.2 cm from the source plane in a 14 x 14 x 
20 inch long block of beryllium. Unfortunately, due to poor particle 
statistics, the spectrum calculations at larger distances from the source 
plane could not be attempted. 
Our adjoint Monte Carlo analysis is a very sophisticated one in 
which the full three-dimensional spatial domain has been retained and the 
scattering collisions have been treated accurately by using sophisticated 
scattering kernels. We have also proposed a simple scheme to treat ex-
actly the anisotropy of the coherent elastic scattering collisions in the 
Monte Carlo method., It has been shown that the first term of the Placzek 
kernel has a broad shape for the energy exchange probability curve which 
is quite comparable to the more sophisticated Gulf kernel, and that it 
can do a good job of calculating the forward spectrum for this case. It 
has also been observed that the calculated spectrum is rather insensitive 
to the detailed shape of the inelastic energy exchange probability curve, 
as long as the inelastic kernel can predict the average energy transfer 
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across the Bragg cut-off energy. Our analysis has illustrated that the 
adjoint Monte Carlo method is advantageous over the corresponding forward 
Monte Carlo method for this class of problems where it is sufficient to 
know the fluxes at few energy points for studying the spatial behavior of 
the spectrum; this amounts to a reduction in the computer time for a 
given number of neutron histories to be followed with an increase in the 
statistical accuracy of the results. 
Finally, the discrete ordinate S calculations with the energy 
dependent buckling approximation have shown that the equilibrium condition 
exists in the 150 x 150 cm beryllium assembly and that no equilibrium 
condition exists in the 60 x 60 cm or the 35.56 x 35.56 cm beryllium as-
semblies. This is in direct contradiction with the diffusion theory re-
19 
suits of Ahmed et al., which predict that the equilibrium conditions 
can exist in beryllium assemblies with transverse dimensions as low as 
30 x 30 cm. It should be noted that our diffusion theory analysis is 
also consistent with their analysis. We have shown that the diffusion 
theory is applicable in larger beryllium assemblies (150 x 150 cm), 
whereas for the smaller assemblies the theory is not applicable and yields 
erroneous results. These theoretical predictions are in direct agreement 
20 22 23 
with the experimental results of Lake and Kallfelz, ' ' who have dis-
cussed possible reasons for the failure of diffusion theory in small ber-
yllium systems. Also, our results are in qualitative agreement with 
9 
Williams' asymptotic transport theory analysis, which predicts critical 
transverse dimensions of 127 x 127 cm. 
The experimental investigations of Lake and Kallfelz were limited 
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to small beryllium assemblies with transverse dimensions less than 35.56 
x 35.56 cm and they have studied the spatial behavior of the forward spec-
trum only up to distances of 40 cm from the source plane. Our S theo-
retical investigations have been made up to distances as far as 140 cm 
from the source plane in beryllium systems with large variations in their 
transverse dimensions. 
Our S analysis is superior to the diffusion theory analysis of 
Ahmed et al., since the motion of neutrons in the z direction has been 
treated with transport theory and also, a more realistic representation 
of the anisotropy and the energy exchange mechanisms of the scattering 
collisions has been made. 
The conclusion that can be drawn from this theoretical analysis is 
that the diffusion theory is not applicable for small beryllium systems 
with strong transverse leakage and one should be cautious in making quan-
titative conclusions regarding the critical transverse dimensions with the 
diffusion theory approximation., 
124 
APPENDIX A 
MULTIPLE SCATTERING CORRECTION 
In some of the total, cross section measurements below the Bragg 
cut-off energy, it was necessary to keep the sample close to the detector 
to ensure that all the small-angle scattered neutrons entered the detec-
tor. In this sample-detector configuration, a fraction of those neutrons 
which undergo "normal" scattering in the sample would also enter the de-
tector. Hence, it was necessary to correct the measured cross section 
data for the "multiple-scattering" contribution. Here by "multiple-
scattering contribution we. mean the contributions from once scattered 
as well as more than once scattered neutrons. 
This "multiple-scattering" contribution was calculated theoretically 
by the Monte Carlo method, previously described in Chapter IV. This analy-
sis utilized a two energy-group structure, where the first and second 
energy groups represented the energy range below and above the Bragg cut-
off energy, respectively. Isotropic scattering was assumed for both the 
elastic and inelastic scattering collisions. The geometry of the sample, 
the collimators, and the detector, as shown in Figure 6, was treated ex-
actly. 
When the sub-Bragg neutrons incident on the sample undergo a scat-
tering event, they will always have an inelastic collision, since in this 
energy range the coherent elastic cross section is zero and the neutrons 
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have a very high probability of scattering into the higher energy range. 
Once the neutrons enter the high-energy group they almost always remain 
in this energy group. This is due to the fact that, for polycrystalline 
moderators like beryllium, beryllium oxide, and graphite, at room tempera-
ture, the inelastic cross section is very small in comparison to the co-
herent elastic cross section. Also, even if a neutron in this energy group 
has an inelastic collision, the probability of acquiring a sub-Bragg energy 
is very small. 
The multiple-scattering" contribution comes from those neutrons 
that collide in the sample and are scattered into the detector. This 
contribution depends on the sample thickness in mean free paths and the 
solid angle subtended by the detector at the sample. Since these two 
factors were small in our case, it was not possible to get any meaningful 
results by a direct Monte Carlo procedure. To overcome this disadvantage, 
the method of the expected leakage probability variance reduction scheme 
was utilized. 
In this method a neutron is assigned a weight, w, at birth given 
L L -V 
by the non-leakage probability, p = (1.0 - P ), where P = e , £ is 
the total cross section at energy E, and d is the distance to the boundary 
from the collision point in the flight direction 0. 
One supposes that a fraction, wJ = P , leaks out while a fraction, 
s s 
w = P , is retained. This latter fraction is now forced to make a col-
lision somewhere on (Qx) by sampling from a truncated, normalized expo-
nential distribution 
S.(E) -E (E)x 
P(x)dx = — e dx 0 * x £ d (71) 
PS 
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From this distribution the distance R to the next collision is 
chosen by random sampling as 
R =" r~W x°s(i*° - p S y w 
where L is a random number which has values varying from 0 to 1, chosen 
from a uniform distribution. The above steps are repeated to determine a 
new weight for the neutron energy from this collision, after which one 
continues to the next collision. This method forces a neutron to always 
have a collision within the sample, and for this reason the neutron history 
is terminated by playing a Russian roulette game after the neutron's weight 
falls below a preset minimum. 
There remains the question of the accuracy of the assumption of 
isotropic scattering and the use of only two energy groups in calculating 
the "multiple-scattering" contribution. To find an answer to this ques-
tion, another Monte Carlo program was written which incorporated 21 energy 
groups. Also, the anisotropy of the thermal inelastic scattering colli-
sions was described by the first term of the Placzek kernel as given by 
Equations 45 and 46 and the anisotropy of the coherent elastic scattering 
collisions was described by Equation 38. 
To compare the results of two groups and 21 energy group programs, 
the beryllium total cross section measurements, for sub-Bragg energies, 
were used. As mentioned in Chapter III, this total cross section measure-
ment was made with a 2.0 inch thick beryllium sample at 64.75 and 2.0 
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Figure 35. Effect of "Multiple-Scattering" Correction on 
Beryllium Cross Section Measured with Sample 
at 2.0 Inches 
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the beryllium sub-Bragg total cross section with the sample at 64.75 cm 
from the detector and the points represent the uncorrected cross section 
results in which the sample was at 2.0 inches from the detector. It has 
been established earlier that the small-angle scattering is negligible in 
beryllium and, therefore, the only significant parameter influencing this 
cross section measurement is the fraction of "multiple-scattered" neutrons 
entering the detector. As seen in Figure 35 the measured total cross sec-
tion of beryllium with the sample at 2.0 inches away from the sample is 
lower than the solid line and this difference is indicative of the amount 
of "multiple-scatteiring" contribution. 
To check the accuracy of the assumption of isotropic scattering, 
the 21 energy group program was used to calculate the "multiple-scattering" 
contribution for two cases, one with and the other without the assumption 
of isotropic scattering collisions. As seen in Table 8, the major differ-
ence appears in the contributions from the once collided neutrons. That 
is, the inclusion of an anisotropic component for the thermal inelastic 
interaction for the first collision yields a lower value for the "multiple-
scattering" contribution. This is primarily because, in its first colli-
sion, the sub-Bragg neutrons incident on the sample will always have an 
inelastic scattering interaction for which the average cosine of the scat-
tering angle is negative. Therefore, the sub-Bragg neutrons in their 
first collision are scattered more often away from the detector in compari-
son to the case where the isotropic scattering is assumed. It can also be 
observed from Table 8 that, from the second collision onwards, the "multiple-
scattering" contribution is almost the same for both the isotropic and an-
isotropic cases, from which it can be postulated that, on the average for 
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the subsequent scatterings, the neutrons have forgotten their initial 
direction in the beam. 
Table 8. "Multiple-Scattering" Contribution from Two- and 




































Table 9 shows the results as calculated by the anisotropic 21 group 
and isotropic two group programs. 
Table 9. The Effect of Two- and 21-Group "Multiple-Scattering" 














We notice from Table 9 that the "multiple-scattering" contribution is 
about 25% higher than the 21 group program. However, the beryllium total 
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cross section, corrected for the "multiple-scattering" contribution, with 
these two programs differs by only 1.6%, whereas the experimental results 
have an accuracy of 2%. Figure 35 shows the beryllium total cross section 
results corrected for the "multiple-scattering" contribution as calculated 
by the two-group program. The figure shows that the corrected cross sec-
tion is in excellent agreement with the beryllium total cross section 
measurement made with the sample at 64.75 inches from the detector. Thus, 
the 2-group program gives a reasonable estimation of the "multiple-
scattering" contribution. 
We have noted that the main reason for the discrepancy in the re-
sults of the 2-group program and the 21-group program is due to the as-
sumption of isotropic scattering for the inelastic collisions. The results 
of the 2-group and the 21-group calculations given in Tables 8 and 9 were 
made for beryllium at a neutron energy of 0.0045 eV, where the final angu-
lar distribution of the inelastic collisions had an average cosine of the 
scattering angle, \i, equal to -0.16. The value of jT for inelastic colli-
sions in the sub-Bragg energy range covered in the total cross section 
measurement of beryllium, beryllium oxide, and graphite is within the 
range of -0.11 ̂  jT ̂  -0.16. The upper value of [i occurs at energies just 
below the Bragg cut-off energy and the value of jT moves closer to the iso-
tropic value of "jl = 0 as the energy decreases. Thus, the maximum error of 
± 1.6% on the measured total cross section, due to the error in the calcu-
lated values of the "multiple-scattering" contribution using the 2-group 
program, is at the energy closer to Bragg cut-off energy and reduces as 
one moves to lower energies. To take this systematic error into account, 
the cross section results have been decreased systematically by 0.8% and 
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the error bars have been increased correspondingly. 
Forward Random Walk Procedure 
This section describes in detail the Monte Carlo procedure to cal-
culate the multiple-scattering" contribution. The sample-detector geom-
etry used in the cross section measurement is given in Figure 6. The 
basic equation governing the random walk procedure is given in Equation 
28. This description of the random walk procedure is for the 21-energy 
group structure with the anisotropy of elastic and inelastic collision 
incorporated in the analysis. The reduction of this analysis for the two-
energy group structure with isotropic scattering is simple and straight-
forward. 
The forward neutron random walk procedure is described in the 
following steps. 
Step 1: 
The neutron source coordinates g , Q , and r are chosen from the 
o o o 
source distribution S (r.Q). The weight W of the neutron is set to be 
g o 
equal to 1.0. 
The neutron source in all the cross section measurements was essen-
tially a monoenergetic neutron beam for a given analyzer channel (the 
average energy is determined by the particular analyzer channel in con-
sideration) uniformly distributed over an area of one inch in diameter 
with directions isotropically distributed in a cone with an apex angle of 
50 minutes and centered around the positive z direction. 
Step 2: 
The weight of the neutrons, W, is modified as 
and 
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Wp = (1.0 - e ) (73) 
W = W X W_ (74) 
o P x 
where d is the distance to the boundary of the sample from the collision 
point in the direction Q , and (1-W ) is the fraction of neutrons which 
leaks out. 
Step 3: 
The distance, p, to the next collision site is chosen as 
p = - ~ - iog(1.0 - Wp-Rl) (75) 
=t° 
where Rl is a random number selected from a uniform distribution ranging 
from Rl = 0 to 1. Knowing p and 0 , it is a straightforward procedure to 
calculate the coordinates xn , y-, and z, of the collision site. It should 
1 ' • ' l ' 1 
be noted from the above equation that, when the random number Rl varies 
from 0 to 1, the value of p varies from 0 to d. That is, we are forcing 
the neutron to have a collision somewhere within the distance d, i.e., 
within the geometry of the sample. 
Step 4: 
The type of collision that the neutron can have at this collision 
g / g g 
site is determined by the inequality, R0 ^ S -, /EQ > where S°. is the co-
z e J. o el 
herent elastic cross section, That is, if the chosen random number, R„, 
is less than or equal to the ratio, 2 -,/S«, then the neutron is assumed 
e 1 ii 
to undergo a coherent elastic scattering collision. Otherwise, the neu-
tron is assumed to undergo an inelastic collision. 
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Step 5: 
The scattered neutron energy group, g1, is selected from the 
distribution 
g0 -g 
V o' ŝ s 
(76) 
and the new direction, CI, , is selected from the distribution 
V81 - -
* 2 (77) 
r - so"gi - -
J an E ^ ° (no-» o) 
where the subscript, *, refers to the elastic or the inelastic collision 
depending on the type of the scattering collision the neutron is experi-
encing. 
Step 6: 
The weight of the neutron after the collision is modified by the 
g / g non-absorption probability, E^/I]^, since we did not allow the neutron to 
b t 
be absorbed at any collision. 
Step 7: 
This step estimates the fraction of the neutron contribution at 
the detector from each collision site. At each collision site, if the 
neutron direction is such that it can reach the detector, one estimates 
the probability that this neutron does not collide in the remaining dis-
tance from the collision point to the boundary of the sample along the 
neutron direction times the probability that it does collide in the 
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detector. Knowing the scattered neutron direction, Q1 , check to see if 
the neutron can pass through the detector. If it does not, then no 
scoring is made; otherwise, the scoring is done by the following steps: 
A. Knowing the coordinates x , y , and z of the collision site 
and the neutron direction 0-, it is a straightforward procedure to calcu-
late the distance, L , from the collision site to the boundary of the 




Wg = W e (78) 
B. Calculate the intercept, L across the detector along the 
neutron direction Q,. The probability that the neutron interacts within 
the detector is given by 
-£,. L 
LD ° 
W = 1.0 - e (79) 
gl where £ is the macroscopic total cross section of the BF„ gas contained 
fcD 3 
in the detector for the energy group g1. 
C. The "multiple^scattering" contribution from this collision is 
then given by 
F = WS.WD (80) 
D. When a neutron history is terminated, the process is started 
from Step 1; otherwise, the process goes back to Step 2. 
The neutron history was terminated when the neutron weight was 
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negligibly small or after the "multiple-scattering" contributions from 
six neutron collisions were recorded. 
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APPENDIX B 
ERROR ANALYSIS AND ENERGY RESOLUTION 
A typical cross section experiment used a TMC channel width of 
64 |j, sec, a chopper speed of 1800 RPM, a flight path of 2.648 meters, 
and a sample thickness of 4.666 cm with a number density of 0.0695 
3 
mol/cm . The energy range of interest was from 0.00307 to 0.00193 eV, 
which corresponded to analyzer channels 67 to 81. The data from these 
15 channels were reduced to 5 data values by averaging 3 channels 
together. 
The central limit: theorem of probability theory states that by 
adding a large number of functions of arbitrary form one obtains a func-
tion which is nearly a Gaussian, where the square of the standard de-
viation of the resultant function is equal to the square of the standard 
deviation of all the partial functions, assuming that none of these 
functions contains a systematic error. If a is the standard deviation 
of the resultant function and o ,a ,. . . are the standard deviations of 
the partial functions, we have 
2 2 2 
QT = G 1 + ° 2 + ° • ' ( 8 1 ) 
Also, the standard deviation of a function u, which is a function 




The total microscopic cross section, x, in barns is given by 
* - NS; *°S iwi <83> 
where N is the sample number density, D is the sample thickness, G is 
the fraction of scattered neutrons entering the detector, PO and QO are 
the number of neutron counts observed in the analyzer channels for 
without- and with-sample measurements. 
A typical set: of raw experimental data is given in Table 10. Let 
PI, P2, and P3 be the neutron counts in a given three analyzer channels 
and BO be the average neutron background. The PO is given by 
PO = (PI + P2 + P3 - 3 B0)/3.0 (84) 
Using Equation (82), the standard deviation is given by 
° P 0 2 = ( O P l 2 + O P 2 2 + O P 3 2 + 3 ° B 0 2 ) / 9 - 0 ( 8 5 ) 
2 ? 
Noting t h a t , a_. = P i , a " = BO, e t c . 
if 1 D U 
a 2 = (PI + P2 + P3 + 3 B0) /9 .0 (86) 
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0.00474 + 0 .0001 
0.7153 + 0 .014 
4.666 + 0 .01 
0.0695 + 0 .002 
Energy (eV) 
0.002853 46463 40435 
0.002753 42302 36702 
0.002659 37953 33228 
Average Background 
Monitor Counts 
Multiple Scattering Correction 
Detector Efficiency 
Sample Thickness (cm) 
3 






Using values from Table 10, the fractional uncertainty a /PO = 0.317o. 
The detector dead time was found to be negligible, primarily due to the 
reduction of beam size by the use of a one inch diameter collimator and 
the intensity of the source neutrons from the. thermal column is small in 
the sub-Bragg energy range,, 
Let Ql, Q2, and Q3 be the number of neutrons recorded in three 
consecutive channels with the sample in the neutron beam and let Bl be 
the average neutron background. The value of QO is 
QO = (Ql + Q2 + Q3 - 3 Bl)/3.0 (87) 
and the standard deviation of QO is 
a 2 == (Ql + Q2 + Q3 + 3 Bl)/9.0 (88) 
Using the values from Table 10, the fractional uncertainty ann/Q0
 = 0.33% 
The average energy corresponding to the value of PO and QO can be ob-
tained by averaging the corresponding energies of the three consecutive 
channels. 
Let y be the number of uncollided and small-angle scattered neu-
trons as seen by the detector, then 
y = QO - (P0/c)M (89) 
where M is the "multiple-scattered" neutron contribution per incident 
neutron on the sample and e is the detector efficiency at the corres-
140 
ponding average neutron energy. Using Equation 82, the standard deviation 
of y is given by 
°; - >2+»PO2 € • °*2 (ff •«/ © 2 
Using the values from Table 103 the fractional uncertainty of y is a /y = 
0.34%. Define 
K = 4og (^) (91) 
and by Equation 82 
a 2 = o 2(±) + a 2(±) (92) 
K PO VPOy y W K } 
The fractional uncertainty of K is a /K = 3%. Substituting Equation 91 
K 
into Equation 83, the cross section x is given by 










The uncertainty in the measured time of flight is composed of the 
chopper pulse duration and the analysis channel width. There is also an 
uncertainty in the flight path equal to d, the effective detector thick-
ness, which leads to a flight: time uncertainty, At = d/v, where v is the 
neutron velocity., 
-m. u , . 58,59,60 
The chopper pulse duration is given by 
T = 2 ^ ; 




- 2 * 
V 
5 V < 
4cur 
h • 2 (-)* 
\U)V/ 
where h is the chopper slit height, w is the chopper angular velocity, 
and r is the chopper slit width. The shape of the chopper pulse is ap-
proximately triangular in form with a base width T. 
The standard deviation of the triangular chopper pulse can be expressed 
58 
as 
2 1 2 
ol - i T - (96) 
The standard deviation of the rectangular analysis channel of width, t, is 
given by 
2 1 2 
a 2
2 = ^ t (97) 
The resolution function associated with the uncertainty in the 
flight distance due to the detector thickness has been assumed to be 
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rectangular in shape with a base width of At = d/v. Therefore, 
9 1 A2 
°3 = T 2 ^ 2 <98> 
Using Equation 8 1 , the r e s u l t a n t s tandard d e v i a t i o n of the time of f l i g h t 
i s given by 
2 n2 , 2 2 / r t r iN 
a = C7l +o2 + a 3 (99) 
t h a t i s , 
• t 2 - K * £ ( ' 2 + & 
The half width, At, that is, the width at half amplitude of a 
Gaussian function, is given by 
At = 2.354 o (101) 
and 
L 
v - (102) 
L2 
E a ~ (103) 
tz 
where E is the neutron energy and L is the flight path. Therefore, 
f - 2v f (104) 
If E is measured in units of eV, and At/L in units of seconds per 
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meter, we have 
Y - 0-028 (E)* ~ X 10"6 (105) 
From Equation 101 
T • iMn (106) 
The inaccuracy in measuring the flight path and the flight time 
should also be considered. Equation 103 gives the neutron energy in re-
lation to the flight time and the flight path. The uncertainty in the 
energy due to the inaccuracy in measuring the flight time and path is 
2 2 7 2 
°\= 4 ("¥+ ^i] 
E N L t 
The inaccuracy in measuring the flight distance has been estimated to be 
0.62 cm in a flight distance of 2.65 meters and, therefore, a /L = 0.48%. 
The inaccuracy in measuring the flight time can be estimated from 
Equation 11. The angular preset delay has been estimated to be 3%. The 
uncertainty in the 82 (j, sec delay between the photo transistor pulse and 
the trigger pulse to the TMC has been estimated to be 2%. The uncertain-
ties in the chopper speed and the channel width are negligible and have 
not been considered. 
From the uncertainties given by Equations 106 and 107, the resul-
tant uncertainty can be obtained by using Equation 81. Table 11 shows 
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the total uncertainty in the measured neutron energy at several chopper 
speeds and energies. 
Table 11. Total Uncertainty - in the 
Measured Neutron Energy 
at: Several Chopper Speeds 
Chopper Energy A_E aE 
E Speed E 
(RPM) (eV) 
0.0013 0.0666 0.0283 
1800 0.0025 0.0873 0.0371 
0..0035 0.1008 0.0458 
0.0075 0.119 0.0506 
1800 0.025 0.209 0.0887 
0.05 0.294 0.125 
0.0075 0.0649 0.0276 
3954 0..025 0.1065 0.0452 
0.05 0.1457 0.0618 
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APPENDIX C 
DISCUSSION ON APPROXIMATING THE TRANSVERSE LEAKAGE TERM 
IN 1-D TRANSPORT THEORY 
Consider the transport equation in the rectangular geometry given 
by Equation 54. Expanding the flux, cp(r,E,Q) in spherical harmonics and 
49 
retaining only the first two terms, we have 
cp(r,E,fi) = ^-{cp(r,E) + 3 [p, Jz(r,E) + sine sini|f Jy(r,E) (108) 
+ sinG cos\jj J (r,E) ] r 
where the direction cosines are given by 
Ij, = cose (109) 
T\ = sine cosi|i (110) 
^ = sine sini|f (111) 
These are shown in Figure 11. The total angular integrated flux is given 
by 
. ™ _ 
cp(r,E) = dO cp(r,E,fl) (112) 
and J , J , and J are the components of the neutron current density along 
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the x, y, and z axis. 
Assuming Fick's law we have 
Jx(r,E) = - D<E) &^*51 (113) 
J (r,E) = - D(E) iSi^El ( 1 1 4 ) 
Jz(7,E) = - D(E) ̂ E i ( 1 1 5 ) 
Substituting Equations 11.3, 114, and 115 into Equation 108, we have 
cp(r,E,0) = ̂  {<P(r,E) - 3 D(E) [p, ̂ ' ^ (116) 
+ sine sin* fe*L£l + sine cos* fi2g^]} 
Assuming 
cp(r,E) = cp(z,E) cos(Bx(E)x) cos(B (E)y) (117) 
where the transverse buckling for a square block i s given by 
Bx
2(E) - B 2(E) - {D . " (E)}
2 (US) 
and the terms are defined in Equation 67. The energy dependence of B , 
B , and D will be suppressed for the sake of convenience. 
Substituting Equation 117 into Equation 116, we have 
cp(r,E,fl) = 2̂ ~ cp(z,E) c o s ( B x ) cos ( B y ) x y (119) 
- 3D (^ cos(B x) cos(B y) ^ r » E ^ 
L X v y y / ftz 
-f sine sinty cp(z,E) cos(B x ) ( -B ) s in(B y) 
x y y 
+ sin9 cos\}f cp(z,E) (-B ) s in(B x) cos (B y) 
x x y 




= — sinG sinijf B cp(z,E) 
and 
frp(r,E,fl) 3D . . . _ 2 




Substituting Equations 120 and 121 into Equation 54, the transport of 
neutrons along the z axis is given by 
frcp(z,E,Q) 3D(E) . 2. r . 2. _ 2 2. _ 2-> 
T \ '—2—*- -\ —^-^ s m 9 1 sin to B + cos to B j 
bz 4n y x 
(122) 
X cp(z,E) + 2 (E) cp(z,E,n) = Q(z,E,0) 
Integrating over \|r and using Equations 60, 61, and 62, we have 




where the transverse buckling B (E) is defined in Equation 67 and Q(z,E,|j,) 
is given by Equation 62. 
49 As mentioned in Chapter IV, we have used the computer code ANISN 
to analyze the behavior of cp(z,E,|a) in beryllium moderators for different 
transverse dimensions. In ANISN, the assumption is made that the effect 
of the transverse leakage could be approximated by adding the term, 
2 
D(E) B (E) 9(z,E,|i), to the one-dimensional transport equation. This 
means that we are solving an equation of the form 
ftF^E,^) + D(E) B
2(E) F(Z,E,M.) + 2L(E) F(z,E,p.) = Q*(z,E>M,) (124) 
02 £ 
where the function Q is the same as the function Q except that cp(z,E,|i) 
is replaced by F(z,E,^). The function F has the same definition as that 
of the function cp. It is desirable to solve Equation 123, instead of 
Equation 124, since the derivation of it can be mathematically justified 
within the framework of the assumptions that were made while deriving 
Equation 123. 
The main difference between the two equations (123 and 124) is in 
the second term which describes the transverse leakage. In Equation 123, 
the coefficient in the second term is angle-dependent, whereas it is not 
so in Equation 124. However, the interesting part is that, when these 
two equations are integrated over do. from -1 to +1, they are transformed 
into a set of integral equations which are identical in their formulation. 
From Equation 123 we have 
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V p, M | ^ J > + { s t ( E ) + D(E) B
2(E)} cp(z,E) (125) 
= S(z,E) + dE' S S 0 (E '^E) <p(z,E) 
and from Equation 124 we have 
^ » QZte^l + { s t ( E ) + D(E) B
2(E)} F(z ,E) (126) 
= S(z ,E) + [dE1 2S0(E'->E) F(z ,E) 
Here it should be noted that, when the source term Q(z,E,|i,), defined by 
Equation 62, is integrated over dp,, all the terms vanish except the i=0 
term. 
Comparing Equations 125 and 126, we notice that the two integral 
equations are identical in form with the same operators and the same 
boundary conditions. This suggests that the total angle-integrated flux 
values calculated from Equations 123 and 12,4 will not be very different 
from each other. At least, we believe that the broad conclusions, that 
were made in Chapters V and VI about the applicability of the diffusion 
theory in determining the critical transverse buckling for beryllium 
moderator, will remain essentially unaltered. 
The main effect noticeable for a non-asymptotic decay is that the 
above-Bragg neutrons decay in space faster than those in the sub-Bragg 
region. As discussed in Chapter V, for the positive z direction, the use 
of an angle-independent transverse leakage term causes the relative below-
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Bragg decay rate to be faster than if the leakage term was angle-dependent. 
This also indicates that the. conclusions that were made in Chapter VI 
would remain unaltered. 
19 Let us compare some of the assumptions made in Ahmed's analysis 
with our analysis. In the analysis used by Ahmed et al., the following 
assumptions have been made: 
1. Diffusion approximation 
2. Flux is separable in x, y, and z 
3. Energy-dependent buckling concept 
4. Anisotropy of the scattering collisions is described by re-
taining only the first two terms of the Legendre expansion of the differ-
ential scattering cross section. 
In our analysis the main feature is that the diffusion approxima-
tion is used only to estimate the transverse leakage term, whereas the 
motion of neutrons in the z direction is treated with transport theory. 
Also, the anisotropy of the scattering collisions is treated more accu-
rately by retaining the first four terms in the Legendre expansion of the 
differential scattering cross section. Our analysis uses assumptions 2 
and 3 given above. Therefore, we believe that our analysis is superior 
to the complete diffusion theory approximation,, 
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APPENDIX D 
ESTIMATION OF THE SOURCE SPATIAL DISTRIBUTION 
The theoretical procedure to estimate the source spatial distribu-
tion of neutrons coming into the 35.56 x 35.56 cm beryllium block from 
the GTRR graphite thermal column is described here. The purpose of this 
analysis was to check on the accuracy of the source spatial distribution 
(Figure 9) used, in our adjoint Monte Carlo analysis and to investigate 
the validity of our assumption that the source distribution is separable 
in space and energy. The geometry of the graphite thermal column, the 
Plexiglass plate, and the beryllium block have been described in Chap-
ter IV. 
61 
A two-dimensional discrete ordinate transport computer code, 
DOT-III, was used in this theoretical analysis. The required cross sec-
tions and the scattering kernels, which have been described in Chapter IV, 
are the same as those used in the ANISN-calculations. The R-Z geometry 
used in the DOT-analysis is shown in Figure 36. The 152 x 152 cm rec-
tangular graphite block and the 35.56 x 35.56 cm rectangular beryllium 
block were converted into equivalent cylindrical blocks of radius 80 cm 
and 26 cm, respectively. This conversion was made by equating the corres-
ponding bucklings of the rectangular and the cylindrical blocks. The 
buckling defined by Equation 67 is strongly energy-dependent around the 
Bragg cut-off energy, since the transport mean-free-path fluctuates dras-
tically at this energy. An average value of the above- and below-Bragg 
m 
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transport mean-free-paths was used in estimating the buckling of the 
beryllium block. This procedure was not used for the graphite and the 
Plexiglass blocks, since they have large transverse neutronic dimensions. 
A region of strong neutron absorber was used as shown in Figure 36, to 
simulate a non-reentrant boundary condition for the beryllium and Plexi-
glass blocks. The isotropic thermal neutron source at the end of the 
graphite block was assumed to be Maxwellian in energy distribution with a 
cosine spatial distribution over the 80 cm transverse dimension. The ob-
jective of the DOT-calculation was to determine the radial distribution of 
neutrons coming into the beryllium block across a z-plane very close to 
the meeting-plane of the beryllium and the Plexiglass blocks. 
Figure 37 shows the behavior of the transverse total flux distri-
bution as one moves away from the graphite region into the beryllium re-
gion. The radius of 26 cm of the cylindrical beryllium block has been 
normalized to 17.78 cm, which is one-half of the corresponding rectangular 
block width, for making comparisons of the spatial distributions in the 
two blocks as a function of the relative distance from the block center 
to its edge. In Figure 37, we notice that, in the graphite region, the 
transverse distribution has a. broad shape and as one moves towards the 
beryllium block the distribution starts depressing in the region around 
a transverse distance of 18 cm. At 24.5 cm along the z-axis, i.e., 0.5 
cm inside the beryllium block., the. transverse distribution has a rela-
tively broader shape than the corresponding cosine distribution. Also, 
at this z-position, the total flux distribution has almost the same shape 
as that of the distribution for the incoming neutrons into the beryllium 
block. In Figure 37, the distribution shown is for 0.0045 eV (below-
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Figure 37. Spatial Behavior of the Transverse Flux Distribution Along the z Axis for 




Bragg) neutrons; the behavior is the same for the above-Bragg neutrons. 
Figure 38 shows the transverse distribution of neutrons coming 
into the beryllium block at 0.5 cm from, the Plexiglass plate for above-
(0.035 eV) and below-Bragg (0.0045 eV) energies. This is the spatial 
distribution of the source neutrons for the beryllium block. We notice 
that the transverse distributions for the above- and below-Bragg ener-
gies are the same and are in agreement with the experimental result used 
in our adjoint Monte Carlo analysis, which was taken from Figure 9. 
Figure 39 shows the ratio of the incoming source neutron flux at 
0.0045 eV (below-Bragg) to that at 0.035 eV (above-Bragg) across the 
source plane for the beryllium block. The ratio stays constant over a 
large central region showing that our assumption of space-energy separa-
bility is valid except at regions very close to the edges. 
This analysis has shown, that the distribution shown in Figure 9 is 
quite adequate in representing the source transverse distribution. It 
should be noted that the buckling of the beryllium block could only be 
estimated and one cannot be certain whether the transverse leakage from 
the sides of the block is treated exactly in our DOT-calculation. At 
this point, we can say that the relative peaking of the sub-Bragg neutrons 
in the forward spectrum at 10.2 cm from the source plane could be in error 
by less than 107o due to the assumptions made about the source angular dis-
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Figure 38, Source Transverse Spatial Distribution Across 
the Source Plane of the Beryllium Block 
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Figure 39. Ratio of Incoming Source Neutron Flux at 0.0045 eV 
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